Derived geometric Satake for PGLQX?’ /PGLgiag

S. K. Devalapurkar

ABSTRACT. In this note, we study the local relative geometric Langlands con-
jecture of Ben-Zvi-Sakellaridis—Venkatesh for the spherical subgroup PGLgiag
of the triple product PGL;<3 (and also for the spherical subgroup Gg of
SOsg/u2), whose corresponding Langlands dual SL;S-variety can be identi-
fied with the symplectic vector space (A2)®3 = A8 of 2 x 2 x 2-cubes. Our
analysis relies on a construction of Bhargava relating 2 x 2 X 2-cubes to Gauss
composition on quadratic forms, arising here as the moment map for the Hamil-
tonian SL§3-action on (A2)®3 and the Cayley hyperdeterminant as studied
by Gelfand-Kapranov-Zelevinsky.
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1. Introduction

The goal of this brief note is to study the geometrization of a story from the
arithmetic context pioneered by Garrett, Harris, Ichino, Jacquet, Kudla, Prasad,
and Watson, among many others (see, e.g., [Gar, [HK], Ichl [Pra, Wat]): this
tale is about the “triple product period”. In the language of geometric represen-
tation theory, our goal is to study derived geometric Satake ([BZSV] Conjecture
7.5.1]) for the spherical PGLS®-variety PGL}®/PGLS™®. This is a natural general-
ization of the “group case”, i.e., derived geometric Satake for the spherical PGLQXZ—
variety PGLY?/PGL3™® (which amounts simply to the derived geometric Satake
equivalence of [BF] for PGL2). Similar methods allow us to analyze the spherical
PSOg-variety PSOg/Ga, too. In order to state our main result, some notation is
necessary.

Part of this work was done when the author was supported by NSF DGE-2140743.
1



2 S. K. DEVALAPURKAR
Fix an eighth root of unity (s, let ¢ be the resulting square root of —1, and
write k := Q({s) = Q(i,v?2).

Notation 1.1. Let std denote the standard representation of SLs, so that std®3
consists of cubes
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Fix an integer n. Equip std®® with the grading where the entries of a cube have
the following weights: a lives in weight —4n, each b; lives in weight —2n, ¢ lives in
weight 2n, and each d; lives in weight 0. Write std®®(4n, on, —2n, 6) to denote the
corresponding graded variety.

Similarly, equip SLs with the grading where the entries of a matrix (‘c’ g) have
the following weights: a and d live in weight 0, b lives in weight 2n, and c lives in
weight —2n. Write SLa(—2np) to denote this graded group. Then there is a natural

graded action of SLy(—2np)*3 on std®?(4n, 2n, —2n, 0)

Recall that the process of shearing (denoted sh'/?) discussed in [Rak, [Lur], as
well as [Devl, Section 2.1], converts gradings into homological shifts (more precisely,
it sends a module in weight n to the same module shifted homologically by n). This
functor is symmetric monoidal when restricted to the subcategory of modules in
even weights, and therefore extends to an operation on evenly graded stacks. If
Y is a graded stack, let sh'/2Y denote the corresponding derived stack obtained
by shearing, and let Perf*"(Y") denote Perf(sh!/?Y"). Almost all of our discussion
below takes place in the setting of ordinary, and not derived, algebraic geometry,
and so the reader unfamiliar with derived algebraic geometry should feel free to
ignore this procedure of shearing.

As in [Dev], we will state all of our results with “arithmetic shearing” in the
sense of [BZSV], Section 6.7].

Theorem 1.2 (Derived geometric Satake for PGLY® /PGLS™). Suppose that the
PGLJ3[t]-action on PGLY3((t)/PGLI™8((t)) is optimal in the sense of [Dev), Hy-
pothesis 3.5.2]. There is an equivalenc

Shviat ,  (PGLEP (1) /PGLE™S(1); k) =~ Pert™ (std%(4, 7, -2, 0)/SLa(~2p) ).
Moreover, this equivalence is equivariant for the action of the spherical Hecke cate-
gory for PGLQX?’; on the spectral side, this action is encoded by Bhargava’s construc-
tion std®® — 5[;’X3 of three quadratic forms from a point of std®® (see [Bhaill).

Remark 1.3. The hypothesis of optimality in Theorem is equivalent to the
hypothesis that the diagonal action of PGLs[t] on Grpgr, X Grpagr, is optimal,
where Grpgr, is the affine Grassmannian of PGLsy. In particular, [Devl, Hypothesis
3.5.2(a) and (b)] can be deduced from this observation. Checking purity of the IC-
sheaves seems a bit trickier, but should not be difficult.

IThe co-category on the left-hand side is as in [Devl, Definition 3.6.1]; see Definition for
a quick review.
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Remark 1.4. Let PSOs, := SOs,/u2. Then, the embedding PGL;1iag C PGL;?
can be identified with the diagonal embedding SO3 C SO3 x PSOy; and similarly,
the action of SLy® on std®® can be identified with the action of Spin, x Sp, on the
tensor product of their respective defining representations. From this perspective,
Theorem could be viewed as a special case of the geometrized analogue of the
Gan-Gross-Prasad period (or at least a period isogenous to it).

See Remark for an analogue of Theorem [I.2] for the non-spherical variety
PGL;*/PGL5™.

An argument similar to that of Theorem [I.2]shows a variant for PSOg. Namely,
there is an embedding Go C PSOg given by triality, which exhibits G, as a spherical
subgroup of PSOs. To see that this situation is analogous to that of Theorem [T.2]
note that the Dynkin diagram e of A; is obtained from the Dynkin diagram e e e of
AlX3 by folding with respect to the obvious action of the symmetric group 3. In
the same way, the Dynkin diagram e= of G, is obtained from the Dynkin diagram

of D4 by folding with respect to the action of X3 permuting the three vertices
around the branching vertex.

Theorem 1.5 (Derived geometric Satake for PSOg/Gs). Suppose that the PSOg[t]-
action on PSOg((t))/Ga((t)) is optimal in the sense of [Devl, Hypothesis 3.5.2]. Then
there is an equivalence
Shvige. g (PSOs((£)/Ga((); k) = Perf™ (std®* (12,6, -6, 0) /SLa(~6p) ** x A'(4)).
In other words, the spherical subgroups PGLy? C PGLX* (given by (g,h) —
(9,9,9,h)) and Gy C PSOg have the same dual quotient stacks (namely, std®3/SL2X3 X
A') up to grading. Therefore, they fit into the paradigm of [Devl, Remark 4.1.5].
The proofs of Theorem and Theorem reduce to showing that the con-
ditions of [Dev] Theorem 3.6.4] are met. This ultimately relies on studying Bhar-
gava’s construction from [Bhall relating 2 x 2 x 2-matrices to quadratic forms,
and the work [GKZ]| of Gelfand-Kapranov-Zelevinsky describing the relationship
to Cayley’s hyperdeterminant. The work presented in this article indicates that
there is much more to explore regarding the relationship between (relative) geo-
metric Langlands (following [BZSV]), prehomogeneous vector spaces (following
[SK]), and the progress in arithmetic invariant theory (using the terminology of
[BGI) over the past 20 years spurred by Bhargava’s thesis. To illustrate this, here
are two concrete questions in the interface of these subjects:

e Can one use Bhargava’s work [Bhal] on the SLg(Z)-action on A3ZS to
approach the geometrized version of [GR] (i.e., [BZSV] Line 16 of Table
1.5.1])? (Here, the information flows from arithmetic invariant theory to
relative geometric Langlands.)

e Following the work of Moore and Tachikawa in [MT], let O := Opin(s08)
denote the minimal nilpotent coadjoint orbit of sog, so that it is 10-
dimensional. It has a canonical action of SOg, and hence a canonical
action of SL2X4 C SOg. In fact, more is true: there is an action of the sym-
metric group X4 on sog extending the 33 C ¥ -action by triality, whose
fixed subgroup is sl C go. (See [EJLS| Section 4.1] for a description of
this action.) This defines an action of ¥4 on O, and in fact the action of
SLy* on O is ¥y-equivariant for the permutation action on SLy*.
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The action SLy* ¢ O should be viewed as the analogue of SLS® ¢
(A?)®3; see also Remark There is a map O — A, which we will
call the “discriminant”, which defines an isomorphism

O/SLy* = AL,
at least over C. The above isomorphism should also hold true over Z.

Following [Bhall, let us introduce some terminology. An ordered
tuple (I, I, 1I3,14) of oriented ideals of a quadratic ring S such that
LII3ly € S and N(I1)N(I2)N(Is)N(I4) = 1 will be called balanced,
and say that two such balanced tuples (I, Is, I3, I4) and (I1, 15, I}, I}) are
equivalent if there are elements x1, -+ ,z4 € S ® Q such that Ij‘ = x;l;.
Say that an SL*(Z)-orbit on O(Z) is nondegenerate if its discriminant is
nonzero. Then, one should have the following analogue of [Bhall The-
orem 11]: there is a canonical bijection between the set of nondegener-
ate SLS*(Z)-orbits on O(Z) and the set of isomorphism classes of pairs
(S, (I1, I, I3,14)) of a nondegenerate oriented quadratic ring S and an
equivalence class (I, I, Is, I4) of balanced oriented ideals of S.

If this were true, one could symmetrize, i.e., take Iy = Iy = I3 = Iy,
so that I := I; will be a 4-torsion element in the class group of S. It
would be very interesting if one could use the explicit description of O/,
in [FJLS| Theorem 4.6 and Theorem 4.12] to describe the asymptotics of
4-torsion in class groups of quadratic rings over Z. (Here, the information
flows from relative geometric Langlands to arithmetic invariant theory.)

In Remark and Remark I have included some further natural observa-
tions/questions whose role in the picture of geometric Langlands is unclear to me,
in the hopes that it will stimulate further investigation into these questions.

Remark 1.6. The arguments of this article should continue to hold if one considers
sheaves with coefficients in Z[3]; we have not checked this explicitly, but it seems
likely to be true. In fact, we expect that the results of this article should continue
to hold for sheaves with coefficients in Z itself. This, however, is a rather more
subtle question: the prime 2 is an interesting one (see Remark .

More generally, following the philosophy of [Dev], it should also be possible
to use a variant of the methods of this article to prove analogues of Theorem
and Theorem for sheaves with coefficients in connective complex K-theory ku.
We have not attempted to do this, but we expect the corresponding 1-parameter
deformation of std®® over , (ku) 2 Z[f] to be a rather interesting ku-Hamiltonian
SLy*-variety.

Remark 1.7. The equivalence of Theorem can heuristically be viewed as geo-
metric Langlands for PGLs on the “doubled raviolo”, obtained by gluing three formal
disks along their common punctured disk. I expect Theorem[I.2]to be related to the
work of [MT], and hope to address this relationship in joint work with Ben-Zvi and

2Here is another (related) reason. As described in [Dev), Remark 3.6.25], both of these
examples can be placed in the following context. The groups (SLa, SL;Q) form a reductive dual
pair in Spg, and (A2)®3 is a double cover of the minimal nilpotent orbit closure of Spg. Similarly,
the groups (SLa, SL;S) form a reductive dual pair in SOg, and O is the minimal nilpotent orbit
closure of SOg. One should therefore view these examples as falling under the purview of Howe
duality.
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Gunningham. Namely, the oco-category Shv;;é‘";fxsﬂt]] (PGLJ3(()/PGLI*2((1)); k)
2

can be identified with Shv%’éit2 [[ﬂ]((}rpc;L2 X GrpgL,; k), where Grpgr, is the affine
Grassmannian of PGLs. In particular, it can be used to describe the ordinary tensor
product on Shvg;éa;2 [[t]](GrpGL2;k). Theorem E says that under the derived geo-
metric Satake equivalence of [BF] identifying this oo-category with Perf*" (Sym?(std)/SL),
the ordinary tensor product on ShVIC;(S;}L i1l (GrpgL,; k) can be identified with Gauss
composition of binary quadratic forms (in the way described by Bhargava), i.e., by
push-pull along the correspondence E| (In fact, I learned after writing this article
that the main calculation of this article also appears in [BFN| Section 5(iii)]. The
approach taken here is somewhat different, in that the calculations are more explicit
and fit into the story of [Dev]; I hope that the reader might find this alternative
perspective useful.)

In the final section of this article, we suggest some variants of Theorem [I.2]
with PGLQX?’ replaced by variants. Namely, we expect:

e Let G = Rescpy/s)/cpgPGL2, where PGL; is viewed as a constant group
scheme over C[[t'/3]. Then there should be a fully faithful functor from
the oco-category of perfect complexes on a shearing of the quotient stack
Sym?(std)/SLy to Shvé?t?]t(G((t))/PGLQ((t)); k). The grading with respect
to which the shearing is taken is described in Conjecture .7}

e Let G = Rescp/2pxcpy)/cgPGLz. Then there should be a fully faithful
functor from the co-category of perfect complexes on a shearing of the quo-
tient stack (std ® sl5)/SLS? to Shvgﬁg]t(G((t))/PGLQ((t)); k). The grading
with respect to which the shearing is taken is described in Conjecture [£.11]

Remark 1.8. The quotient stack std®? / SL2XS is also studied (in different language,
of course) in quantum information theory; see Remark below.

Theorem and Theorem are predicted by (the Betti version of) the local
geometric conjecture of Ben-Zvi-Sakellaridis—Venkatesh; see [BZSV] Conjecture
7.5.1]. My homotopy-theoretic interpretation of their conjecture is as follows. Sup-
pose G is a reductive group over C and G/H is an affine homogeneous spherical G-
variety (meaning that it admits an open B-orbit for its natural left B C G-action).
Then, there should be a dual graded G-variety M equipped with a moment map
p: M — §*, and an equivalence of the form

Shvgir (G()/H((#); C) = Perf™ (M /@),

where Perf*"" denotes the oo-category of perfect complexes on the shearing of M / G
with respect to its given grading. In fact, [BZSV] Section 4| gives an explicit con-
struction of this predicted dual M, and in the examples (G, H) = (PGL}®, PGLI?#)
and (PSOg, G2), one can compute that the stacky quotient M /G is isomorphic to
the right-hand sides of Theorem and Theorem respectivelyﬁ

3This is similar to how the convolution tensor product on Shvlcg(sﬁ‘}tt2 [[t]](GI‘PGLz; k) can be

identified with the usual tensor product on Perfs"(Sym?(std)/SLa).

4In the first case, this computation is straightforward given the prescription of [BZSV]
Section 4[; see [Sak|, Example 7.2.4] for a reference. The computation in the second case goes as
follows. As in [BZSV] Remark 7.1.1], the quotient stack M /G can be identified with the quotient
Vx /Gx, where Gx is the Gaitsgory-Nadler/Sakellaridis-Venkatesh /Knop-Schalke dual group of
X and Vy is constructed in [BZSV], Section 4.5]. In the case X = PSOg/Qg, a calculation shows
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Lest Theorem [I.2] seem like an oddly specific example to focus on, we note
that it is essentially the only “new” example of a spherical pair (G, H) of the form
(H*7, H428)  as shown by the following lemma.

Lemma 1.9. Suppose H is a simple linear algebraic group over C. Then the
subgroup HY2& C H*J is spherical if and only if:

(a) 3 =2, and H arbitrary;
(b) 5 =3 and H is of type A;.

PROOF. If the subgroup H%#& C H*J is spherical, there is an open Hdi28.
orbit on the flag variety of H*/. This implies that the dimension of H must
be at least j|®*|, where ®T is the set of positive roots; equivalently, one needs
rank(H) > (j — 2)|®*|. Of course, this is always satisfied if 7 = 2 (this is the
group case corresponding to the symmetric subgroup H%#¢ C H x H). Using the
classification of simple linear algebraic groups over C, it is easy to see that the
only other case when the above inequality can hold is when 7 = 3 and H is of type
Aq; one can then check by hand that the diagonal subgroup in this case is indeed
spherical. 0

In the first case of Lemma IBZSV!| Conjecture 7.5.1] is precisely the derived
geometric Satake equivalence of [BF]. Therefore, the only other case of Lemma
is when H is simple of type A;, and Theorem [1.2| precisely addresses [BZSV]
Conjecture 7.5.1] for the adjoint form PGLs of H.

Acknowledgements. Iam very grateful to Yiannis Sakellaridis for his support
and help in answering my numerous questions about [BZSV]; to Aaron Landes-
man, Ashvin Swaminathan, and Akshay Venkatesh for interesting conversations;
to Alison Miller for directing me (via MathOverflow) to the inspirational work of
Bhargava; and to Charles Fu and Jesper Grodal for helpful suggestions.

2. Some properties of std®?

In this section, we establish some basic properties of std®® as a SLQX?’—variety;
our base field will always be k, and we will write G = SL;®. Some of this material
appears in [Bhal]. In particular, Construction is due to Bhargava.

Observation 2.1. An element A = (2 % ) € sl; = sl can be identified with a

binary quadratic form qa(z,y) = cx? + 2iaxy + by?. Under this identification, the
adjoint action of g € SLy on sl3 is given by the action on (z,y) of the conjugate of

g by the matrix diag((s, (g ). Explicitly, if g = (3 ?), the action sends
x — 10x + By,
Y = YT —iay.
Note, moreover, that the discriminant of g4 (z,y) is 4det(A).
that Gx is the Levi subgroup of the maximal parabolic subgroup of PSOg corresponding to the
central vertex of the Dy Dynkin diagram; so Gx =2 SL;g. Using the prescription of [BZSV]

Section 4.5|, one can check that Vx = std®3 @ A, where Gx acts only on the first factor. See,
e.g., [Sakl Line 9 of Table in Appendix A].
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Warning 2.2. Note that under Observation the element of sl associated to
a binary quadratic form bz? + axy + cy? is not the symmetric matrix associated to

the quadratic form! Indeed, the associated symmetric matrix is (al/)z aé 2), while

. * s —ai/2 ¢
the associated element of sl; is ( b aij2 )

Note, also, that we are relying quite heavily on the assumption that 2 is in-
vertible in k. Over Z, one can in fact identify the space (A% ® A?)y, of binary
quadratic forms with the coadjoint representation sl = pgl, of SLy. Working over
Z and keeping track of the difference between sl and pgl, has the effect of elim-
inating extraneous factors of 2 in our discussion below; but working over Z also
introduces new complications (see Remark which we do not wish to address in
the present article.

Construction 2.3. The affine space A® = std®® can be regarded as parametrizing
cubes

ds

di —
/

b ds

which we will represent by a tuple (a,l;7 c,cf); we will often use the symbol C to
denote such a cube. If {e1,ea} are a basis for std, the above cube corresponds to
the element of std®? given by
ae; Rep ®ep +biea ey ®ep +boeg Rea ey +bze; ey Reg
+die1 ® ea ® es + does @ e1 ® eg + dzea ® ea ® e + ces ® ea X es.

Associated to a cube € are three pairs of matrices, given by slicing along the top,
leftmost, or front faces:

My= (&) M= (g ¢),
M= (5, 4), No = (2 2),

My = (g, a), Na = (2 2 )i
each of these defines a binary quadratic form

qi(z,y) = —det(M;x + Nyy).

Explicitly,
q1(z,y) = det(My)z? + (ac + bidy — bady — bads)xy + det(Ny)y?,
q2(z,y) = det(My)z? + (ac — bidy + bady — bzds)xy + det(No)y?,
q3(,y) = det(M3)x? + (ac — bydy — bads + bsdz)xy + det(N3)y>.

Viewing sl3 as the space of binary quadratic forms as in Observation these
three quadratic forms define a map

d®3 *,X3

st — sly

An easy check shows that this map is G-equivariant.
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Lemma 2.4 (Cayley). The composite
std®3 L 1573 5 5573 )G

factors through the diagonal inclusion sl /SLy — 5[§’X3//C¥, In fact, the induced
map std®® — sl JSLy defines an isomorphism

std®3 )G =5 803 JSLy = AL J(Z)2).

ProOOF. The map 5[; — sly *3 /G sends a triple of matrices to their determi-

nants, or equivalently a triple of quadratic forms to their discriminants. Therefore,
we need to check that the three quadratic forms of Construction [2.3] have the same
discriminant. This is easy: one finds that their common discriminant is

det(q;) = a*c® 4+ b2d? + bad3 + b2d2 — 2(abicdy + abycdy + abseds
(1) + b1bodidy + bi1bsdid3 + b2b3d2d3) + 4(ad1d2d3 + b1b2b3C).

It remains to show that the map std®? JJG — A! defined by this polynomial is an
isomorphism. This is stated/proved in [GKZ, Proposition 1.7 in Chapter 14|, and
is due to Cayley. (]

Notation 2.5. Write det to denote the map std®® — sl;/SLy from Lemma
so that if € is a cube, det(€) is the quantity of (TJ).

Remark 2.6. The standard SLs-equivariant symplectic structure on std defines
an SL;g-equivariant symplectic structure on std®®. This action is Hamiltonian,
and one can verify by explicit calculation that the map u : std®® — 5[§’X3 from
Construction is in fact the moment map for this SL;S—action. This gives a more
“invariant” way to think about Bhargava’s three quadratic forms. Along these lines,
let us remark that [Bhall Theorem 1] implies that the span

(2) std®®
5[; Xs[;//SLz 5[; 5[;

given by the moment maps encodes Gauss composition on quadratic forms, in
the sense that given two (SLy-orbits of) quadratic forms ¢; and go with the same
discriminant, the (SLg-orbit of) the Gauss composition —(q1 + g2) is given by
ws((u1 x p12)~(q1, g2)). The above span induces a span of stacks

std®3 /SLy3
(513 X515 /5L, 512)/(SLa x SLa) sl /SLa,

which, using the isomorphism Spin, = SLy X SLj, can be identified with the
Lagrangian correspondence [Devl Corollary 3.6.20] for H = SOg sitting inside
G = PSOy.

Remark 2.7. An alternative way of constructing det(C) is as follows. Write C =
e1 Qv + es ® vo with vy,vy € std®? =~ A% and consider the symmetric bilinear
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d®2

form on st given by

(e1®er,e2®ez) = —(e1@eg,e2®@er) =1,
and all other pairings zero. This is the symmetric form on std®? induced from the
standard symplectic form on std. Then, one can identify

det(€) = det ({2) (1)),

(v2,v1) (v2,v2)

Remark 2.8. Lemma is not quite true over Fy (and hence not over Z). One
can already see the subtlety that arises over Fy from the formula : namely, the
Cayley hyperdeterminant (appropriately normalized) admits a square root over Fs.
Explicitly, if € = (a,b,¢,d) is a cube and det(€) is defined by the formula , one
has

det((?) (ac + bidy + bads + b3d3)2

2 2

In fact, over an Fs-algebra, there is an analogue of Lemma which states that
the composite

(mod 2).

std®® — 5573 = pgl® 2 (A3
factors through the diagonal A! C (A1)*3; the resulting map std®® — A is given
by the G-invariant quadratic function

Cr— TI‘(G) := ac + bidi + bads + bsds.

I expect that Tr defines an isomorphism std®? / G — A! over Fy. In particular,
this means that the Cayley hyperdeterminant does not define an isomorphism det :
std®? )G — A over Fo.

However, we expect more to be true (based on discussions with Akshay Venkatesh).
Namely, the moment map should induce an isomorphism

Std®3//deré

Nl \
5[;//derSL2 Tag> (ﬁ[g/derSLg)Xg

even over Z, where the symbol //4er denotes the derived invariant-theoretic quotient
(i.e., V//aer H = Spec RT'(BH; Sym(V*))). We also expect that

H"(SLa,z; sh'/? Sym(sly 2(2))) = Hio, (+; Z).

There is an isomorphism Hgq, (x;Z) = Z[p1,e]/2e, where the Euler class e lives
in cohomological degree 3. For example, the class p; should correspond to the
determinant sl — A!, and the fact that it has a square root modulo 2 corresponds
to the fact that the determinant map admits a square root over Fy, given by the
trace sl; = pgl, — Al. Similarly, the class e should correspond to the nontrivial
extension of sl} 2 Sym?(std) given by gl, 2 std ® std.

We will now define an analogue of the Kostant slice, as it will be needed to
apply [Devl, Theorem 3.6.4] (see [Devl, Strategy 1.2.1(b)]). For the purposes of our
discussion, one should view this Kostant section as an analogue of the construction
of the companion matrix associated to a characteristic polynomial.
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Construction 2.9. If n is an integer, let 7 denote the triple (n,n,n). Let
sl /SLy = A )(Z)2) = A' — std®?

denote the map sending a? — (a2,0,0,1). This corresponds to the cube
0 1
/ ‘ /
2 0
\
1 —
/

a

—0.
/

0 1

In this case, det(r(a?)) = 4a?, so that x defines a section of det (at least up to the

unit 4 € £*). The associated quadratic forms are all equal, and are given by
01(z.y) = @2(z,y) = g3(w,y) = a*x® — y?,

a02 _01) € sl3. (Note that this is exactly

the companion matrix associated to the characteristic polynomial y? — a2.)

which corresponds to the traceless matrix (

Remark 2.10. Fix an integer n. Then the G-variety std®® admits a natural
grading, where the entries of a cube (a, 5, c, J) have the following weights: a lives
in weight —4n, b lives in weight —2n, ¢ lives in weight 2n, and d lives in weight 0.
Write std®3(4n, 2n, —2n, 0) to denote the associated graded variety. Equip sl; with
the grading where the entries of a matrix (‘i _ba) have the following weights: a lives
in weight —2n, b lives in weight 0, and ¢ lives in weight —4n. Similarly, equip SLs
with the grading coming from 2np, so that the entries of a matrix (‘CI 3) have the
following weights: a and d live in weight 0, b lives in weight 2n, and c lives in weight
—2n. With these gradings, the SLQX?’—equivariant map g : std®? — 5[§’X3 is a graded
map, and « defines a graded map sl3(2n)/SLy = Al(4n) — std®3(4n, 2n, —2n,0).
The cases n = 1 and n = 3 will be relevant below (corresponding to Theorem
and Theorem respectively).

Remark 2.11. As mentioned in Remark the quotient stack std®®/SLy? is
studied in quantum information theory. For instance, in [DVC], Diir-Vidal-Cirac
study the orbit structure of SL2X3 acting on std®? (in particular, they recover Fig-
ure [l{ independently of [GKZ]). See also [CKW], where the Cayley hyperdetermi-
nant is rediscovered as [CKW]|, Equations 20 and 21].

For the interested reader, let us describe the translation between our nota-
tion/terminology and that of quantum information theory. Our base field will now
be k = C. An element of std®" (really, of the projective space P(std®") = P2"~1)is
called an n-qubit, and the action of SLS™ is via stochastic local operations and clas-
sical communication (SLOCC) operators (replacing SL3 " by GL5™ simply amounts
to dropping the word “stochastic”). The space std is equipped with a basis {|0), |1)},
and a cube € = (a, 5, c, cf) € std®? corresponds to the three-qubi |

a000) + b1[100) + b2|010) + b3]001)
+d1[011) + da|101) + d3]110) + ¢[111).

5Technically, a qubit is required to have norm 1, so one must rescale C by

\/(12 + ||B)|2 + ¢2 + ||d]|2; but this could in theory introduce a singularity when a2 + ||b]|2 + 2 +

ldl|2 = 0. We will ignore this (important!) point below.
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Here, the bra-ket notation |ijk) means |i) ® |j) ® |k). The state

5(1,0,1,0) = 75 (/000) + [111))

is known as the Greenberger—Horne-Zeilinger (GHZ) state, and the state

5r(0) = 22(0,1,0,0) = Z= (|001) +[010) + [100))
is called the W state. These two states are known to represent two very different
kinds of quantum entanglement; from the perspective of this article, the reason for
this is simply that the Cayley hyperdeterminant of the GHZ state is nonzero, but
the Cayley hyperdeterminant of the W state vanishes. Nevertheless, the proof of
Proposition shows that there is a natural degeneration of (the SLOCC/SL;S—
equivalence class of) the GHZ state into the W state. (This degeneration is x(a?),
whose norm is v/a* + 3; in particular, it passes through zero when a = /-3, and
so this one-parameter family is not physicall) In fact, this state already appears as
[DVC], Equation 20].

One of the key properties of the Kostant section/companion matrices is that
a matrix A € sl is conjugate to k(det(A)) if and only if A is regular (i.e., the
minimal polynomial of A agrees with its characteristic polynomial), if and only if
A is nonzero. We will now prove an analogous result concerning  : A — std®3.

Proposition 2.12. The G-orbit of the image of k is a dense open subscheme whose
complement has codimension 3.

ProOOF. We will use the classification of G-orbits on std®? as in [GKZ, Ex-
ample 4.5 in Chapter 14]; see Figure [If for a graph of the seven orbits of G on
std®?. Namely, if X # 0, all elements of det™'()) are in a single G-orbit. (In fact,
all elements in the fiber det™'(1) are in the G-orbit of (1,0,1,0).) The G-orbit of
det_l(Gm) is open and dense, and hence is 8-dimensional; moreover, it agrees with
the G-orbit of #(G,,). Next, there is a maximal G-orbit inside the fiber det™"(0),
given by the orbit of (0,0,0,1) = £(0). This orbit is 7-dimensional, and the largest
G-orbits contained in the complement det™'(0) — G - %(0) have dimension 5. In
particular, the complement of G- k(A!) C std®? has dimension 5, i.e., codimension
8—5=3. O

(1,0,0,(1,0,0)); 5

T

(1,0,0,(0,1,0)); 5 —— (1,0,0,0); 4 —— (0,0,0,0);0

/

(1,0,0,(0,0,1)); 5

K(Gm); 8 K(0); 7

/

FIGURE 1. G-orbits on std®?, representatives, and their dimensions (indicated after
the semicolon), connected by closure. Note that x(0) = (0,0,0,T), and that the
G-orbit of k(1) = (1,0,0,1) is the same as the G-orbit of (1,0, 1,0).
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Remark 2.13. As explained in [GKZ, Example 4.5 in Chapter 14], the closure of
the associated orbits inside P(std®®) = P7 can be described as follows. First, the
closure of the generic orbit is P7. Next, the closure of the orbit of next smallest
dimension is the zero locus of det, which cuts out the dual variety of the Segre
embedding (P1)*3 < P7 (just as the usual determinant for 2 x 2-matrices cuts out
the quadric P! x P! — P3). The projective orbit associated to (1, 0,0, (0,1,0)), say,
is cut out inside the locus {det = 0} by the Segre embedding P(std) x P(std®?) =
P!xP3 — P7. Finally, the minimal nonzero orbit is cut out by the Segre embedding
(Pl) X3 N P7.

Remark 2.14. More generally, let std,, denote the standard n-dimensional repre-
sentation of SO, so that the symplectic vector space std ®std,, is equipped with an
action of SLg x SO,,. Using [SK] Section 7|, one finds that the obvious analogue of
the formula for det(€) in Remark [2.7| defines a map std ® std,, — A'//(Z/2) which

induces an isomorphism
(std ®@ std,,)/(SLy x SO,) = A'J(Z/2).

Proposition admits an analogue in this more general setting (at least if one
works over C): there is a Kostant slice x : A!//(Z/2) — std®std,, whose SLg x SO,,-
orbit is open and has complement of codimension 3. Namely, assume n = 2j is even
for simplicity (a slight variant of this construction will work for odd n), so that

without loss of generality, the symmetric bilinear form on std,, is given by (¢ (1))@j .
If e, ,eq; is a basis for std,,, let v; = a’e; + e, and let vy = S _o(e2im1 +e9).

Then (v1,v1) = 2a?, (va,v2) = 2(j — 1), and (vy,v2) = 0. If €1, e is a basis for std,
the Kostant slice sends
K: Al//(Z/2) — std @ std,,, a? — %61 Q@ vy + \/ﬁeg ® vg.

It is easy to check that this map does indeed give a section of det. To check that
the SLo x SO,-orbit of k£ has complement of codimension 3, we need an analogue of
Remark This succumbs to an analysis similar to that of [GKZ, Chapter 14].
One finds that if n > 5, the poset of closures of SLy x SO,,-orbits in P(std ®std,,) =
P27~ ! is as shown in Figure[2l The case n = 4 is “degenerate” and one instead gets
Figure [1}

Pl % Pn—l

/\

P(Std 024 Stdn) _— {det = O} XN (Pl % Pnfl)
\ . /

FIGURE 2. SLy x SO,-orbit closures on std ® std,, connected by closure. The
generic orbit is given by the nonvanishing of det. If an element of std ® std,, is
given by e; ® v1 4+ €2 ® vo with vy, ve € std,,, the subvariety X has codimension 3,

and is cut out by ( {"*?1) (120} — g Moreover, the inclusion P} x P71 < p2n—1
(v2,v1) (v2,v2)

is the Segre embedding, i.e., is cut out by v A v = 0 € AZstd,,.
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The motivation for this example comes from attempting to generalize the dis-
cussion in [Bhall Section 4]. Indeed, removing the vertex in the Dynkin diagram
of type Dj4o which is connected to the affine root in the extended Dynkin dia-
gram defines a maximal parabolic subgroup P of SO2;42, and its Levi quotient L
is SLy x SOy;. If U denotes the unipotent radical of P, then L acts on the vector
space U/[U, U] by conjugation, and the Lie bracket on U defines a symplectic form
on U/[U,U]. With a bit of pain, one can check that U/[U,U] = std ® stds; as a
symplectic L =2 SLy x SOgj-representation.

A similar construction with the Dynkin diagram of type B;12 produces SLy X
50241 acting on std ® stdgj+q1. Doing this procedure for the other Dynkin dia-
grams produces some of the “vectorial” examples in one of the columns in [BZSV]
Table 1.5.1]. For example, the type A,y; Dynkin diagram produces GL,, acting
on T*(std,,), and I believe the Dynkin diagram for Eg will produce SL¢ acting on
A3stdg. Onme also obtains some representations not included by [BZSV]; for in-
stance, the Dynkin diagram of Gy will produce SLy acting on Sym?(std), which is
not “hyperspherical” (see [BZSV], Example 5.1.10]). For this last calculation, see
[Spr}, Pages 160-161]. I do not yet understand the significance of these observations
in the context of relative geometric Langlands.

This leads us to the main calculation. It implies, for instance, that the stabilizer
inside SL3?) of a element of std®? with nonvanishing Cayley hyperdeterminant can
2

be identified with G2, = ker(G3, 2% G,,).

Proposition 2.15. Let J denote the group scheme over sb; //SLay = Spec k[a?] of
reqular centralizers for SLa, so that

i +1 a—a"'1Z/2
J = Speckla, o™, “=2—] /2,
where the action of Z/2 sends a — —a and o — o~ 1, and the group structure is

such that o is grouplike. Then there is an isomorphism
" ~ : ; - prod_ 5
sl3/SLa X qes /¢ 515/ SLa 2 ker(J X 15 s, J Xtz /5L, J 225 0)
of group schemes over sl3 J/SLy = Spec k[a?]; of course, this group scheme is in turn
isomorphic to J Xz ysL, J-

PROOF. The fiber product on the left identifies with the subgroup of s[5 /SLo x
G of those (a2, 7) such that § = (g1, g0,93) € SL2X3 stabilizes x(a?). The trick to
determining this stabilizer is to use Bhargava’s construction from Construction
if ¢ stabilizes a cube €, it must also stabilize the corresponding triple u(C) € sl
of quadratic forms.

First, a simple calculation shows that if ¢ is a unit, the triple of matrices

S i (=i a7t i (=i a1 i (=1 a7t %3
g_(\[z(m 1)’\[2<m 1>’\/§(a 1>>ESL2

r(a?) = —v2(a?,0,a71,0).
The triple § can be thought of as “diagonalizing” x(a?). The stabilizer of the cube
—v/2(a2,0,a*,0) precisely consists of triples of matrices of the form

a1 0 (6%} 0 Q3 0 . _
(3) (( 0 CY11> s ( 0 a21> , ( 0 a31>> with 103 = 1.

sends
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For a € Gy, let h(«) denote the matrix

L atat o=
h(Oé) = B <a2 ) a_;fa -t a_1> S SL2
Conjugating (3)) by the element § € G, we find that the triple (h(ay), h(as), h(as))
of matrices stabilizes x(a?) as long as ajasaz = 1 and a®> € G,, € A!. (See
[BEM, Section 3.2| for a slight variant of this calculation.) Note that the subgroup
of such triples is 2-dimensional, and therefore the associated homogeneous G-space
is 9—2 = 7-dimensional. Using that the G-orbit of x(a?) is also 7-dimensional (e.g.,
by [GKZ, Example 4.5 in Chapter 14]), it is not hard to see from this calculation
(by a limiting argument for a — 0) that the stabilizer of the family x(A!) C std®?
is precisely the claimed group scheme. O

Remark 2.16. Using [Devl Corollary 3.6.20] with H = SO3 and G = PSOy, we
find the following consequence of Proposition [2.15] Choose one of the factors SLy C
SLQX?’7 let G, C SLs denote the subgroup of strictly upper-triangular matrices, and
let ¥ : G, — G, denote the identity character. Then, there is an isomorphism

(std®3)™8 [, G, = T (SLy)™%

of SLy x SLy-varieties.

3. The proof, and some remarks

Before proceeding, let us remind the reader of the definition of the left-hand
side of the equivalence of Theorem following [Devl, Definition 3.6.1].

Definition 3.1. Let G be a complex reductive group, and let H C G be a closed
subgroup. Let Shvp,(G(#))/H (#)); Q) denote the oo-category of G[t]-equivariant
sheaves of Q-modules on G((t))/H ((t)) which are constructible for the orbit strat-
ification on G((t))/H((t). There is a natural left-action of the Es-monoidal oco-
category Shv(g e (G(#); Q) on Shvig(G(#)/H(t); Q), and in particular, a

left-action of Rep(G) by the abelian geometric Satake theorem of [MV]. Let
ICo € Shvgy (G()/H(#):; Q)
denote the pushforward 7;Q of the constant sheaf along the inclusion (G/H)(C[t]) —
(G/H)(C((#))- Let
Shvepy (GUO)/H(1); Q) € Shvy (G(1)/H(1); Q)

denote the full subcategory generated by ICy under the action of Rep(G). If
k is any Q-algebra, base-changing along the unit map defines the oo-category

ShveSs (G(1)/H(10): ).

ProOF oF THEOREM [L.2] Tt suffices to verify conditions (a) and (b) of [Dev],
Theorem 3.6.4], which gives a criterion for establishing an equivalence of k-linear
oo-categories of the form

Shvi; 2 (G((1) /H (t); k) ~ Perf(sh'/2M /G).
The map k is given by the map sl5(2)/SLy — std®3(4,§, —2,6) from Construc-

tion For condition (a) of [Devl, Theorem 3.6.4], we need to show that if
Jx =515(2) /SLa X qe3(4 5,25y, 512(2) /SL2, the ring of regular functions on the
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quotient (sl3(2)/SLa x G)/Jx is isomorphic (as a graded algebra) to 04493 (4,3,-2,3)-
The quotient (sl5(2)/SLy x G)/Jx identifies with the G-orbit of the image of
%, which has complement of codimension 3 in std®® by Proposition there-
fore, the algebraic Hartogs theorem implies that there is a graded isomorphism

O(s[;(2)//SL2xG)/JX = Ostd®3(4,§,—2,6)'
For condition (b) of [Devl Theorem 3.6.4], we need to check that there is an
isomorphism

x = Spec HY G2 (Q(PGLJ® /PGLY™8); k)
of graded group schemes over s05(2) /SLy = Spec Hpqp, (+; k). There is an isomor-
phism
(4) Spec HPS™2 (QPGLy; k) = Spec ka, a*!, 2=2—")2/2 = J,

and the action of the Z/2 on the middle term sends a — —a and a + !, This is
proved, e.g., in [BEM]|. (As in Proposition u J denotes the group scheme over
sl5 /SLy of regular centralizers for SLs.) The Kiinneth theorem implies that there
is an isomorphism

Spec HYCL2 (Q(PGLY?); k) = Spec ka, -t wﬂ <i< 3|42,
and the fiber sequence
PGLI™ — PGLJ® — PGLJ3 /PGLy"*

implies that

prod

Spec HYCL2 (Q(PGL)® /PGLY™); k) 2 ker(J X a3 jsr, J Xtz jsis J s J).

The desired isomorphism now follows from this observation and Proposition [2.15]
O

Remark 3.2. Let k[h] = Hi: (*; k), so that i lives in weight —2. Let Dp(std*®?)

denote the Weyl algebra of std®?, so that it is generated over k[fz] by Symy (std*®?),
where the commutation relation is

[v1 ® w1 @ u1,v2 ® we ® ug) = (v, va) (w1, wa) (U1, uz).

The algebra Dh(std*’®3) acquires a grading coming from the graded symplectic
vector space s‘cd®3(4,§7 —2,6), and it can be characterized as the unique graded
k[h]-algebra such that the induced Poisson bracket on Dj(std™®?) @y k is the
one coming from the symplectic form on std®?. Using this fact, one can show that
there is a k[h]-linear equivalence

c,Sa ia, % o(— x3
SBVES s (POLE? () /PGLY ™3 (0): ) = sh'/? (Dp(std " *)-moa =" )

which extends Theorem

Remark 3.3. Specializing [Devl, Remark 3.6.12] to the present case, one can argue

as in [AG2], Theorem 12.5.3] to show that an object of Shvgzagxg[[t]] (PGLS3((t) /PGLY8((1)); k)
2

is compact if and only if its image under the equivalence of Theorem [I.2] is set-
theoretically supported on the vanishing locus of the Cayley hyperdeterminant.
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Remark 3.4. We have already verified most of [Devl Conjecture 3.5.11] in the
case of the spherical PGL)3-variety PGLJ®/PGLS™. Tt remains to check the final
part, which is the same as [FGT, Conjecture 1.1.1]. This states that if B C
PGLs, is a Borel subgroup, the set of B*3-orbit closures on PGLY® /PGLS™ agrees
with the set of irreducible components of std®® x;. «s {0}. (We will not check
that this bijection is equivariant for the Weyl group.) The set of B*3-orbits on
PGLS®/PGLI™8 can be identified with the set of PGLy-orbits on PGLY®/B*3 =~
(P1)*3. Direct computation verifies that there are five such orbits.

On the other hand, the formulas of Construction [2.3]show that the fiber product
std®® x;..xs {0} consists of those cubes (a, b, c,d) such that

CLdl = bgbg,
ads = b1bs,
ad3 = bgbl,

ac + bldl = b2d2 + b3d3,
ac + deQ = b1d1 + bgdg,
ac + bsdsz = bidy + bads.

The primary decomposition of the ideal in Oy g4e3 cut out by these equations is
given by the intersection of the following five prime ideals:

(a,b1, b3, do),(a, b1, ba, b3),
(a,b1,ba,d3),(a, bs, bs, dy),
(bads — bsds, bydy — bsds, bye — dida,bac — dids, byc — dads, ac — bsds,
babs — ady, bybs — ada,bibs — ads, adyds — b2ds).

In particular, the fiber product std®? Xj«.x3 {0} has five irreducible components,
as desired.

Remark 3.5. The proof of Theorem is exactly the same as the proof of The-
orem [1.2] above. Indeed, one only needs to observe the following (which we will
prove momentarily).

Lemma 3.6. There is a homotopy equivalence PSOg/Gy ~ RP7 x RP7.

The replacement of is given by [Devl, Proposition 4.8.6], which gives an
isomorphism

Spec HS2 (QRPT; k) = Speckla, b, a™!, “‘Tw}z/g

where a is in weight —6 and b is in weight —4; the argument of Theorem then
proves Theorem

PROOF OF LEMMA [3:6l This follows from the claim that Sping /Gy ~ S7 x S7.
Perhaps the most “conceptual” way to see this is as follows. Using triality, one
can identify Sping with the subgroup of SO;3 of those triples (A4, As, A3) such
that Aq(z1)A2(x) = As(xi22) for octonions x1,x2. Under this presentation, Go
corresponds to the subgroup where A; = Ay = A3. The subgroups where A; = A3
(resp. A = Aj3) are both isomorphic to Spin,; these are sometimes denoted Spin?.
The action of Sping on S7 x S7 sends (z,y) — (A;x, A2y); one can check that this is
transitive, and that the stabilizer of the point (1, 1) is precisely Spind NSpin; = Gs.
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That there is an equivalence Sping/Ga ~ S7 x S7 at the level of cohomol-
ogy with Z[1/2]-coeflicients and mod 2 coefficients, at least, is much simpler. On
cohomology with Z[1/2]-coefficients, the map Gy, — Sping is given by the map
Z[1/2,p1,p2,p3,c4] = Z[1/2, ca, cg] sending

2
p1 > 2¢2, p2 > C3, p3 —> Cg, 4 > 0.

Indeed, the map Ga — Sping induces a map on maximal tori, whose effect on
cohomology is the map Z[1/2, 1, 2, x3, 24] — Z[1/2,y1, y2] sending

x1 =0, Tz = Y1, T3> Yo, Ta = —(y1 + Y2).

Expressing p; as the jth elementary symmetric polynomial in z%,--- ,2% and ¢4y =
21227374, and using that co = y?+y3+y1y2 and cg = y2y3 (y1+y2)? gives the desired
claim. The Serre spectral sequence for the fibration Sping/Ge — BG2 — BSping
implies that

H*(Sping/Ga2; Z[1/2]) = Z[1/2,0(4p2 — p1), 0(ca)]/ (0 (dp2 — p1)?, 0 (ca)?),

where o(4ps —p?) and o(c4) both live in (homological) weight —7. This is precisely
the cohomology of S7 x S7, as desired.

The story in mod 2 cohomology is similar. Namely, [Qui] tells us that Hgpin, (x; Fa)
is isomorphic to the polynomial algebra Fs|wy, wsg, wr,ws, €], where € lives in co-
homological degree 8; the map Hg;, (+;F2) — Hg, (x;F2) = Falwy, wg, wr] sends
wg, € — 0. It follows that

H* (Sping/Ga; F2) = Falo(ws), o (€)]/(o(ws)?, (€)?),

where o(ws) and o(€) both live in (homological) weight —7. This is again the
cohomology of S7 x 87, as desired. O

Remark 3.7. The oco-category Shvgzitxg,[[t]] (PGLY3((t)/PGLI™8((t)); k) admits a
2

natural action of the symmetric group X3. Under the equivalence of Theorem
this corresponds to the Xz-action on std®? / SL;<3 which permutes the tensor fac-
tors. As explained in [Devi, Remark 3.6.7], this X3-action can be understood as an
analogue of the Gelfand-Graev action (which, for connected semisimple G, gives an
action of the Weyl group of G on the affine closure of T*(G/N)).

Remark 3.8. Remark [2.6] guarantees that the equivalence of Theorem [T.2]is com-
patible with the action of the spherical Hecke category

Shv?i)sgizxg,xpGL;g)[[t]] (PGLZ3((1)); k) ~ Perf™ (s ™3(2 — 2p) /SLy3(—2p)).

Namely, there is a commutative diagram
Shv?féi;3xpGL;3)ﬂt]] (PGLI3((t); k) [B—NFJ> Perf*™ (sl5 ™ (2 — 2p) /SLy3(—2p))

*

lact on ICy 1%

ShviSet, g (PGLEY (£)/PGLY™S (0); ) Per™"(std®?(4, 3, —2, 0) /L™ (—2p)),

where p* is given by pullback along the moment map for the Hamiltonian SL;g—
action on std®?.
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Let us also note that taking cohomology (i.e., pushforward to a point) defines
a functor

Shi et s (PGLEY (£) /PGLI™S(0): k) = Shvpy g (5 )

which, as discussed in [Dev, Remark 3.5.10], factors through the functor ShVPGLgxag[[tﬂ (x5 k) —
SthGszs[[t]](*; k). Under Theorem H and the equivalence ShVPGLgaagHt](*;k) o~

Perf*"(s13(2) /SLy), there is a commutative diagram

ShveSt | (PGLE3((#) /PGLIS((#); k) = Pert™ (std (4,3, -2, 0)/SL;*(~2p))

PGLS3[t] Theorem
cohomologyl w
Shvp sy (45 %) — Perf™" (s13(2) /SL2),

where r is the Kostant slice of Construction 2.9l

Remark 3.9. Theorem does not need the full strength of optimality in the
sense [Devl, Hypothesis 3.5.2]. Indeed, the first and second assumptions in [Devl,
Hypothesis 3.5.2] are included to ensure formality of the algebra from [Devl Equa-
tion 16 in the proof of Theorem 3.6.4]. However, as in [Dev, Remark 3.2.22]|, the
formality of this algebra is guaranteed in our case: since Theorem shows that
the homotopy of the algebra in question is Oy jes4 5 o), i-€.; is polynomial on
classes in even weights. This algebra admits an Es-structure (essentially from fac-
torization; see, e.g., [BZSV| Proposition 16.1.4]), and is therefore automatically
formal by [Dev, Lemma 2.1.9]. Note, however, that since IndSplnS (std®® @ A1) is

not an affine space, this argument does not go through in the case of Theorem [L.5]
to prove formality of the algebra from [Devl Equation 16 in the proof of Theorem
3.6.4].

Remark 3.10. As in the introduction, let O := Oy (s0s) denote the closure of
the minimal nilpotent coadjoint orbit of sog. This is a 10-dimensional scheme with
a canonical action of SOg, and hence a canonical action of SL5* C SOg. By [Jial,
Proposition 3.18], one can identify O with the Hamiltonian reduction at zero of the
symplectic vector space (A?)®3 @ A? with respect to the Hamiltonian SLy-action
coming from the final factor. That is, if u : (A2)®3® A? — sl} denotes the moment
map for this Hamiltonian SLs-action, then

“1(0)/SLy = 0
over C. Another way of saying this is that O is the quotient of (A?)®3 @ A% =~
(A?)®3 @ (A2)®3 by the action of the symplectic groupoid T*SLs.

Using this description of O and our calculations in Proposition m it is not
difficult to show that there is an isomorphism

6 = (SL;4 X 5[;//SL2)/JV074,

where the overline on the right-hand side denotes the affine closure, and j074 is the
closed subgroup scheme of SLy* x sl /SLy defined by

d ~
Joa =ker(J Xqps ysry J Xeiz ysna J Xtz s, J o J).
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In particular, by arguing as in Theorem m it follows that if the PGLS*[t]-action
on PGL*((¢))/PGLY ™8 ((t)) is optimal in the sense of [Dev), Hypothesis 3.5.2], there
is an equivalence

Shviet,  (PGLEY(£) /PGLY™(1)); C) = Pert™ (0/SL5")

where the shearing is taken with respect to a certain grading on the stack O/SLy*.

Remark 3.11. There is also an analogue of Proposition for the SLy x SLj x
SLa-representation A2 ® A% ® A?, studied in [Bha2|. Namely, it turns out that:
e The invariant quotient (A% ® A% ® A3)//(SLy x SL3 x SL3) is isomorphic
to Al. If one views A2 ® A3 ® A3 as the space of pairs (M, N) of 3 x 3-
matrices, the invariant quotient map is given by

A?@ A3 @ A% - Al (M,N)+— A(det(Mxz — Ny)),

where A denotes the discriminant of a binary cubic form.

e There is a map s : A = A%2® A% ® A3 which gives a section of the above
invariant quotient map, and its SLo x SL3 X SL3-orbit has complement of
codimension 2. Moreover, its stabilizer is given by the group scheme

A" X(A20A%0A%)/(SLyxSLs xSLy) A = Spec (HL 91 (QPGLs; k) @pey cq] kles))

over A' = Speck|cs]. Here, we have identified Hiqy, (% k) = k[cz, c3],
and the map k[ca,c3] — k[cs] sends c¢a — 0. This group scheme has
relative dimension 2 = rank(PGL3), and can be identified with the group
of matrices of the form
a boeN| 3 3 3 2 1
{(22 thzsz)‘a + b°c3 + ¢’c3 — 3abees = 1} C SL3 x A",

In fact, one can more generally identify
Spec (HY L (QPGLy; k) @pfey,.-- en] Klen])

= ker(Res,, G,) 2 G,,) CSL, x A,

(X1 /klea ]
This is closely related to [Bha2l Theorem 2]. I hope to use the above observations
to explore relationships to relative geometric Langlands in future work.

Remark 3.12. As mentioned in the introduction, Theorem [I.2] can be regarded as
a special case of the geometrized analogue of the Gan-Gross-Prasad period (or at
least a period isogenous to it), which describes transfer along SO,,, C SO,,,+1 when
m = 3. In general, transfer along SO,,, C SO,, 41 is described by the Hamiltonian
variety which is dual, in the sense of [BZSV], to the spherical SO,, X SO,,1-
variety (SO,, x SOmH)/SOgiag. In [Dev, Example 3.6.24], we described how when
m = 2n, one can obtain the Hamiltonian variety Hom(stds;, stds,) which is dual to
(SO2p, X SOQnH)/SOgif‘g via the regular centralizer group schemes vaom1 and jsp%.
Following the philosophy of [Dev, Example 3.6.24], let us describe how to obtain the
Hamiltonian variety Hom(stda,,, stds, o) which is dual to (SOg, 1 X SOQn)/SOSif‘El
via the regular centralizer group scheme. When n = 2, this gives an “alternative
approach” to the results of this article (but it is really a rephrasing of the same
argument used above).

Namely, consider H = SOs,_1 C SO, = G, so that H = Spa,_o and
G = SO,,,. In this case, we claim that the Hamiltonian scheme M* from [Dev, Con-
struction 3.6.19], defined as the affine closure of (G'x H xh* JH)/(Js e b*JH),
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can be identified with Hom(stda,, stda,—2). Again, as in [Devl, Example 3.6.24],
let us just describe the “Kostant section” « : h* /H — Hom(stda,,stda,—2). The
desired map M} — Hom(stda,, stda,—2) is then obtained using the G x H-action:

Gx HxbJH = Hom((stdgy,, stda,—2);

7
—_
—
—
—
—
—_
—
—

(G x Hxb*JH)/(Jg X5 yc b* [ H)

the dotted map factors through the affine closure of the source.
Recall from [Devi, Example 3.2.14] that:

e We may identify
6*//H = SpeCk[pla T 7pn71] = SpeCHEozn_l(*§ k)v

and the regular centralizer J 17 is the group scheme whose fiber over p :=
(p1,- -+ ,Pn_1) is the subgroup of those units f(t) € k[t]/(t>" 2 +pt?" 4+
-+++pp_1) such that f(t)~1 = f(—t). Observe that k[t]/(t>" 2 +pt?" 4+
-+« 4+ pn—1) admits the structure of a symplectic vector space: the sym-
plectic pairing sends

(f,9) — coefficient of 273 ip ft)g(—t).
e We may identify
§*//G = Speck[py,- -+ ,pn_1,cn] = Spec Ho,, (1K),

and the regular centralizer jé is the group scheme whose fiber over (p, ¢,) :=
(p1,+* ,Pn—1,¢n) is the subgroup of those units f(t,v) € k[t,v]/(tv —
Cn, 22 4 pit? 4 o+ py g + 0?) such that f(t,0)"t = f(—t,—v).
Observe that k[t, v]/(tv — cp, 2" "2+ p1t?"~* + -+ + p,_1 +v?) admits the
structure of a quadratic vector space: the associated symmetric bilinear
form sends

(f,g) — coefficient of t*"~2 in f(t,v)g(—t, —v).
The map 7 : b* JH — §*//G is induced by the map
T k[pla T 7Pn—1,0n} - k‘[Pl, T 7pn—1]7 cn — 0.
The map 7 induces a map of k-vector spaces
gt klt,v]/(tv, 22 gt p g 0
= k[t,0]/(tv — e, "2 4 prt? T - ppn +0%) @0, O ya

= k[ pit? T 4+ paa)

sending v — 0. In other words, this is a linear map @ : stda,, — stdz,—2. That is,
7 induces a map

k:§*JH = Speck[py, -+ ,pn—1] — Hom(stdan, stdan—_2), F+> ¢z

this is the desired Kostant section.
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Remark 3.13. Let & = Q2(¢s). The theory of 2-compact groups as studied,
e.g., in [AG1], suggests viewing the Dwyer-Wilkerson space DW3 from [DW] as
an analogue of the groups SO3 = PGLy and Go; see Table [l The 2-complete
space DW3 is equipped with an E;-structure, and it has finite mod 2 cohomology.
It is therefore natural to ask whether there is an analogue of Theorem and
Theorem [1.5] where PGLy and Gg are replaced by DWj; this is closely related to
[Devl Appendix C(p)].

Group | Rank | Dimension F5-cohomology of BG Weyl group
Gu | n | (' —1)n | Sym (FyH!(=1)%n 01 | 2/2 x GL,(F3)
PGLQ 1 3 FQ II'I.UQ, ’LU3]] Z/2
Go 2 14 Fswy, we, wr] Z/2 x %3
DW3 3 45 F2 [[’lUg, w12, W14, U)15]] Z/2 X PSL2 (F7)

TABLE 1. Analogies between the (2-compact) groups PGLy =
SO3, Go, and DW3; all of these are Poincaré duality complexes
of dimension indicated in the third column. Here, w,, denotes the
nth Stiefel-Whitney class, and the ring in the fourth column is
known as the algebra of rank n 4+ 1 Dickson invariants. Note, also,
that the Weyl group of DWj is called Go4 in the Shephard-Todd
classification.

It is difficult to answer this question since the representation theory of DWj is
not well-understood. For instance, one can ask the somewhat outrageous question
of whether there is a 2-compact group G with an E;-map DW3 — G such that
G/DW3 is the 2-completion of a framed 30-manifold with Kervaire invariant one.
(See |Jon] for a construction of such a 30-manifold.) This desideratum is analogous
to the equivalences PGLy?/PGLy = RP? x RP? and PSOg/Gy = RP” x RP".
If such a G exists, and there is a good theory of G[t]-equivariant sheaves of (“2-
completed”) k-modules, it seems reasonable to expect that there is an equivalence
of the form

Shvg?;]t(G((t)) JDWs((t)); k) = Perf™ (std®3(28, 14, —14, 0) /SLa(—14p) *® x A%(8,12)).

Here, the “Whittaker” factor A?(8,12) on the right-hand side comes from the iso-
morphism

Spf H*(BDW3; k) := Spf H*(BDW3; Zo) ®z, k = A%(8,12,28),
which follows from running the Bockstein spectral sequence on

H*(BDW;g, FQ) =2F, HU/B, W12, W14, w15]]7
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and the fact that the Bockstein sends w4 — w15E| Even if such a G does not exist,
one can still wonder about the analogue of the “regular centralizer” group scheme
calculation from Theorem

e Is there a good notion of genuine equivariant DW3-cohomology (with
coefficients in k = Q2((g), say)? One should have SpecHpyy, (¥; k) =
A3(8,12,28).

e Is there a faithful (basepoint-preserving) action of DW3 on S*®? Simi-
larly, is there a faithful (basepoint-preserving) action of DW3 on the 2-
completion of a framed 30-manifold M3 with Kervaire invariant one?

e For the above expected action, is there an isomorphism

Spec HYW# (M5 k) 2 A2(8,12) x (A1(28) X q0a (a8 14, 14,5 /SLa(_14p)%5 A1 (28))

of graded group schemes over k7

4. Variants
In this section, we will take the base field k£ to be C.

Remark 4.1. As in [Bhal], understanding the SL3*-equivariant geometry of cubes
can be specialized to understand variant situations. We will sketch some such
variants below. The observations motivating the discussion in this section are the
main results of [Bhall], and the analogy, likely already observed by the reader
familiar with Bhargava’s work, between the stack Ba1 (z /2)j and the narrow class
group of a quadratic extension of Q. This analogy is not very surprising once
one recognizes that J is just the nonsplit torus 22 — a?y? = 1 over A'J(Z/2) =
Spec k[a?] (see [Devl, Example 3.7.14]).

Let us begin with the case of squares/degree 2 extensions. More precisely, recall
from [BE] that the (arithmetically sheared; see [BZSV]) derived geometric Satake
equivalence for PGLy states:

Theorem 4.2 (Bezrukavnikov-Finkelberg). There is a monoidal equivalence of co-
categories
c,Sa ia s *
Shv? GLtgzm (PGLJ2(()/PGLI™8((t)); k) ~ Perf™" (s3(2 — 2p)/SLa(—2p)).

The latter can alternatively be understood as the oco-category of perfect complexes
on a shearing of T*(SLy)/SLy>.

As described in [Devl, Section 3.2|, one key input into Theorem is that if
J denotes the group scheme of regular centralizers for SLy, with the embedding
J < SLy x SLy x sl3//SLy via g — (g,¢7"), the affine closure of the quotient
(SLy x SLg x sl3 /SLy)/J is isomorphic to T*SLQ

6A previous version of this remark asked for G/DW3 to be RP1 x RP5. One can check
that such a G, if it existed, would have rational cohomology given by

H*(BG;Z2) ®z, k = k[ca, c6, c14, 7, 9],

where both z and y live in cohomological degree 16. In an email, Jesper Grodal told me that such
a G cannot exist (it would have to be the 2-completion of a compact Lie group, but no compact
Lie group has the desired cohomology).

"The fact that the embedding sends g — (g,9~'), as opposed to being the diagonal, is
ultimately why the Chevalley involution shows up in the spectral side of geometric Langlands.
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One can ask for a variant of Theorem where the embedding PGLS 8 ((t)) —
PGL?((t)) is replaced by the embedding of PGLs((t)) into (Rescpe/2p/cpPGL2) (1))
The latter is the base-change to C((t)) of the Weil restriction of the constant group
scheme PGLy along C[t] C C[t'/?]. More generally, one could replace C[t'/?] by
C[t'/™]. In this case, we have the following expectation.

Conjecture 4.3. Let G, = Resgpyi/ny/cpgG- Then there is a fully faithful functor
Perf™ (G\(G x §(2)/G)/J[n]) = S (Gu(£)/G(1); k),

where G x §*(2)/G denotes the constant group scheme over §*(2))/G, J is the
group scheme of regular centralizers for G, J[n] is its n-torsion subgroup, and

(G x §*(2))G)/J[n] is the affine closure of the quotient (G x §*(2)//G)/J[n).

The affine closure (G x §*(2)/G)/J[n] admits the structure of a (finite-type)
Hamiltonian G-scheme of dimension

dim ((é < 3°(2)/G) /j[n}) = dim(G) + rank(G) = 2dim(G/N).

Moreover, its invariant-theoretic quotient by the G-action is §* / G. However, I do
not have a more explicit description of this affine closure for general n > 5, even
when G = PGLs.

Although [Devl, Theorem 3.6.4] does not apply in this situation, because G,
is not the base-change of a constant group scheme over C, we can nevertheless
attempt to compute the analogue of the regular centralizer group scheme for the
pair G — G,,. The following is a helpful tool in understanding these variant cases;
assume for simplicity that G is a connected reductive group whose derived subgroup
is almost simple.

Lemma 4.4. Let n be an integer, so that the degree n map S*> — S? induces an
El—endomorphisnﬁ [n] of Q?BG ~ QG. Under the homotopy equivalence QG =~
G((t)/G[t], the map [n] is induced by the map C[t] — C[t'/"]. Moreover, under
the isomorphism

Spec HY (QG; k) = J
of [XYZl Theorem 1.2| (see also [BEM|), the map [n]* : O; — O; induced by
[n] : QG — QG is given by multiplication by n on the ring of functions O ;.

Remark 4.5. Although the map [n] : QG — QG is only an E;-endomorphism,
it can be shown that the induced endomorphism of C%(QG;k) is one of Eo-k-
algebras. Upon Borel-completion (so C¢(QG;k) is replaced by k[QG]"), this is
a consequence of the observation that k[QG]" is an Es-k-algebra: it is the Eo-
Hochschild cohomology of k[QQG], and the Es-structure comes from the Deligne
conjecture. Alternatively, the completion of C¢(QG;k) at the cellular filtration
of QG can be identified with the Eo-Hochschild cohomology of Cf(x; k), and the
Es-structure again comes from the Deligne conjecture. See [Devl, Corollary 3.5.12].

Let us now describe Conjecture [£.3] explicitly for n = 2,3,4 when G = PGLs.

8This is an analogue for Ea-spaces of the observation that if X is a space, the degree n map
S1 — S induces a map QX — QX which sends v — ~™. This is only a pointed map, and not
necessarily an Ej-map, since taking powers is generally not a map of monoids. However, if X is
itself an Ej-space, so that QX is an Ea-space, the map v — 4" is one of Ej-spaces.
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Example 4.6 (Conjecturefor n=2). Lemmasuggests that the analogue of
the regular centralizer group scheme for Conjecture[4.3]is the the 2-torsion subgroup
J[2] of J. As described in [BEM], J can be viewed as the group scheme over
sl /SLy = Spec k[y] of matrices of the form g = (2, ) with det(g) = a® —b%y = 1.

~ 2 2
To understand J[2], note that g% = (a;:yy a22+a£2y), and since 2 is a unit in k, we

find that g is 2-torsion if and only if ab = 0 and a? + b?y = 1. But since det(g) = 1,
this forces a®> = 1 and b = 0. In other words, J[2] is isomorphic to the constant
group scheme g x 55 /SLy. Tt follows that (SLy x 565 /SLo)/J[2] = PGLy x sl /SLo.
No affine closure is necessary, since this is already affine. This suggests that there
is a fully faithful functor from the oo-category of perfect complexes on a shearing
of the SLy-quotient of PGLy x 513 /SLy to Shvgy (G((£) /PGLa((£); k), i.e., a fully
faithful functor

Perf™"((PGLg x s15(2) /SLy)/SLy) ~ Perf*™(Buy x sl3(2) /SLy)

— Shvgﬁgf(a((t)) /PGLy((t)); k).

This is the specialization of Conjecture to the present case. Such a fully faithful
functor does indeed exist: the inclusion of a basepoint of each of the two connected
components of G((t)) corresponds to the inclusion of each of the two factors of
Perf*(Bug x s03(2) /SLy) ~ Perf™ (sl3(2) /SLy)®2.

Let us now turn to the cubic case.

Conjecture 4.7 (Conjecture 4.3/ for n = 3). Let Sym®(std)(4, 2,0, —2) denote the
graded vector space of binary cubic forms, where such a form is viewed as a function
A2(—=2,0) — AY(—=2). In other words, the coefficients of ax®+ 3bx?y + 3cxy? + dy?
have the following weights: a lives in weight —4, b lives in weight —2, ¢ lives in
weight 0, and d lives in weight 2. Let G3 = R,eSCIItl/SJ]/C[[t]]PGLQ. Then there is a
fully faithful functor

Perf™" (Sym®(std) (4, 2,0, —2) /SLa(—2p)) < Shvgfﬁfﬂ (G3((t))/PGL2((t)); k).

Note that the example of SLy acting on Sym?® (std) does not fit into the formal-
ism of [BZSV], since it is not hyperspherical in the sense of loc. cit. (see [BZSV]

Example 5.1.10]). Let us show that Conjecture is indeed Conjecture spe-
cialized to n = 3.

Proposition 4.8. Let V = Sym® (std) denote the 4-dimensional symplectic vector
space of binary cubic forms, so that V admits an action of SLy. Then:
(a) Let A :V — Al denote the map sending a binary cubic form f = ax® +
3bx2y + 3cay? + dy? to its discriminant
A(f) = a®d® — 6abed — 3b%c? + 4(ac® + b3d).
Then A defines an isomorphism V[/SLy = AL,
(b) The closed immersion k : Al — V sending a —%a:?’ + 3xy? defines
a section of A, and the SlLa-orbit of the image of k has complement of
codimension > 2.
(¢) Identify A' = sl}//SLy, let J denote the group scheme over sl //SLy of
reqular centralizers for Slg, and let j[3] denote its 3-torsion subgroup.
Then there is an isomorphism

sl5/SLy Xy/si, 86 /SLy = J[3]
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of group schemes over s[5 /SLa. In particular, the affine closure of (SLg x
515 /SLa)/J[3] is SLa-equivariantly isomorphic to V.

PROOF. The first statement is in [PV], Section 0.12], and the second statement
can be deduced similarly. For the final statement, recall as in [Bhal] that there is
a closed immersion V C std®® given by az® + 3bz2y + 3czy? + dy3 — (a, 5, d,c).
This corresponds to the triply-symmetric cube

b c
AV
‘ b

c—

a

—d.

/

/
b c
The above embedding is SLo-equivariant for the natural action on V' and the diag-
onally embedded SL3™¢ C SLX® = G acting on std®3. Moreover, the composite

V C std® 2% gl JSL, = Al

sends f — A(f). This implies that sl;/SLa xv /g1, sl5/SL2 can be identified with
the intersection sl3 /SLa X qes ¢ 515 /SL2 with the diagonally embedded SLJ“ x
sl5/SLy C SLy® x sl /SLy. By Proposition we find that

prod

5[;//SL2 xV/SL2 5[;//SL2 = ker(j Xﬁ[;//SLz j Xﬁ[;//SLz j E— j) n (SLgiag X 5[;//8[:2)
J[3).

1%

The claim about the affine closure of (SLy x sl /SLy)/J[3] follows from (b). O

Remark 4.9. If we identify Sym?®(std) with the affine closure of (SLo x sl /SLs)/J[3]
via Proposition the inclusion J[3] C J along with the identification of sl; with
the affine closure of (SLg x sl /SLy)/.J gives an SLg-equivariant map Sym?(std) —
sl = Sym?(std). (Note that this map is quadratic, not linear.) This map is very
classical: it produces the quadratic resolvent of a binary cubic form. Explicitly, it
sends f = ax? + 3bax?y + 3cxy? + dy?® to the binary quadratic form

q = (ac — b*)x? + (ad — be)xy + (bd — c*)y>.

Said differently, Sym3(std) admits the structure of a Hamiltonian SIy-space, and
the moment map Sym?®(std) — sl for this SLo-action can be identified with the
quadratic resolvent construction. Moreover, this moment map is SLa(—2p) X G-
equivariant for the grading on Sym®(std) described in Conjecture and the (2 —
2p)-grading on sl.
. . c,S . c,S .

There is an action of ShVGgE:ﬂXGgHtH (G3((t); k) on ShVGSE:]] (G5((t)/PGLa((t); k)

by convolution. Theorem allows us to identify Shvgjﬁtt]]x 51 (G3((2); k) with

Perf*"(sl5(2 — 2p)/SL2(—2p)) as monoidal categories. Under Conjecture the

resulting action of Perf*"(sl;(2 — 2p)/SLa(—2p)) on Shvgfﬁfﬂ(G3((t))/PGL2((t)); k)

should preserve the full subcategory Perf™"(Sym?®(std)(4, 2,0, —2)/SLa(—2p)). The
action on this full subcategory should be given by the moment map/quadratic
resolvent Sym?(std) — sl;.
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The poset of SLa-orbit closures in P(Sym?(std)) is shown in Figure

P(Sym?(std)) —— {A =0} —— P!

F1GURE 3. SLs-orbit closures on Sym3(std), connected by closure. The inclusion
P! — P3 is the embedding of the twisted cubic, and the vanishing locus of A is
the dual variety/tangent developable of the twisted cubic.

Remark 4.10. For completeness, let us describe the story for more general binary
forms. Let us begin with a variant of Proposition [£.8| for binary guartic forms; since
we will not need this result, and the proof is somewhat orthogonal to the methods
of this article, we will simply state the relevant facts. Let V = Sym4(A2) denote

the 5-dimensional affine space of binary quartic forms, so that V' admits an action
of PGL2

(a) Let # : V — A? denote the map sending a binary quartic form f =
ax* 4+ 4bx3y + 6¢cx?y? + 4dry® + ey® to the invariants

I = ae — 4bd + 3¢2,
J = ace + 2bed — ad? — b%e — 3.

Then 7 defines an isomorphism V//PGLy & A2

(b) The closed immersion x : A? — V sending (a,b) — 423y + dzy® + ey?
defines a section of 7, and the PGLy-orbit of the image of x has complement
of codimension > 2. In fact, the PGLy-orbit consists of those binary
quartic forms with at least one root of multiplicity 1.

(c) Let & denote the elliptic curve over A2 = Spec k[d, e] = sl3/SL3 given by
y? = 23 + dx + e, and let £[2] denote its 2-torsion subgroup. Then there
is an isomorphism

A? Xy /paL, A® = E[2]

of group schemes over A2, In particular, the affine closure of (PGLy x

A?)/€[2] is PGLa-equivariantly isomorphic to V.
Parts (a) and (b) are not difficult calculations, and part (c) can be proved as in
[CF Sections 3-5| and [BS| Theorem 3.2]. Finally, we note that if V = Sym?(A?)
denote the (j + 1)-dimensional affine space of binary j-forms, so that V' admits an
action of SLo, the invariant-theoretic quotient V/SLs is not an affine space if j > 5
(see [PV Example 1 in Section 8.2]). In other words, the action of SLy on V' is
not coregular.

Instead of considering PGLz[t] as a subgroup of Resgyy1/s7,c i PGL2, one could
also consider the Weil restriction Resgpi/2pxcpy/cpgPGLe along the extension

C[t] € C[t'/?] x C[t]. For this, one obtains the following variant of Theorem [1.2

Conjecture 4.11. Let (std®sl3)(4,2,0, —2) denote the graded vector space of pairs
of binary quadratic forms, where the coefficients of a pair (q1,q2) = (ax? + 2bxy +
cy?,dz? + 2exy + fy?) have the following weights: a lives in weight —4, b lives in
weight —2, ¢ lives in weight 0, d lives in weight —2, e lives in weight 0, and f
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lives in weight 2. In other words, (std ®s(3)(4,2,0, —2) = A%(2,0) ® sl5(—2p). Let
G = Rescp/2pxepy/cyP GLz. Then there is a fully faithful functor

Perf™ ((std ® 13)(4, 2,0, ~2) /SLa(~2p) *?) < Shvis(' (G(£) /PGLa((£): k).

Again, [Dev, Theorem 3.6.4] does not apply in this situation, because G is
not the base-change to C((t)) of a constant group scheme over C. Nevertheless, we
expect that Conjecture [£7] is a consequence of Lemma [{.4] and Proposition
below; together, these results should give an analogue of the criteria of [Devi
Theorem 3.6.4].

Proposition 4.12. Let V = std ® sl5, equipped with an action of SLy x SLo via
the SLa-actions on std and sly. Then:

(a) Let A :V — Al denote the map sending a pair of binary quadratic forms
(q1,q2) = (ax?® + 2bxy + cy?, dx? + 2exy + fy?) to the function
A(qr, q2) = a® 2 + Ad* — 2acdf + 4(ae — bd)(ce — bf).
Then A defines an isomorphism V J/(SLg x SLa) = Al.
(b) The closed immersion k : A1 — V sending a — ($2® + y?, 2xy) defines a
section of A, and the SLy x SLa-orbit of the image of k has complement
of codimension > 2.

(¢) Identify A* = sl}//SLy, let J denote the group scheme over sl //SLy of
reqular centralizers for SLy, and define the embedding

J < SLy x SLy x sl3 /SLa, g — (972, 9).

Note that this is indeed a homomorphism since J is commutative. Then
there is an isomorphism

5[;//8]—_/2 Xv/(Sszst) 5[;//SL2 =~ j g SL2 X SLQ X 5[;//SL2

of group schemes over sl3 /SLy. In particular, the affine closure of (SLa x
SLy x 503 //SLy)/J is SLy x SLo-equivariantly isomorphic to V.

PROOF SKETCH. These statements follow exactly as in Proposition[f.8] Indeed,
as described in [Bhall, there is a closed immersion V C std®® given by

(ax® + 2bzy + cy®, dz® + 2exy + fy?) = (a, (b, d,b), f, (¢, ¢, €)).
This corresponds to the doubly-symmetric cube

d
a/ /

e

The above morphism is SLy x SLs-equivariant for the natural action on V' and the
embedding

1:SLy x SLy C SLS® =G, (g,h) — (g, h, h).
One can check that the composite

V Cstd®® 2% o1 JSL, = Al
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sends (q1,q2) — A(g1,gz2). Finally, as in Proposition we find that

* * ~ 7 7 7 prod  y *
503 /SLa Xv/(SLyxSLa) 513 /SLa = ker(J X o3 s, J Xtz ysa  —— J) N (((SLa x SLy) x sl /SLs)

~ ~ 2 ~
ker(J Xsl’z‘//SLz J (g,h)—'—>gh> J)

J,

Il

Il

where J is a subgroup of (t(SLa x SLo) x sl} /SLy) via g — (g2, 9), as desired. [

Remark 4.13. The inclusion J < SLy x SLy x 515 /SLy from Proposition M(C)
can be alternatively described as the composite inclusion

J ker(j XI5 /SLo J % j) — J X513 //SLa J — SLo x SLg X 5[;//SL2

The poset of SLy X SLy-orbit closures in P(std ® s[3) is shown in Figure

P(std®sly) —— {A=0} —— P'xP?2 —— P! x P!

FIGURE 4. SLy x SLy-orbit closures on P(std ® sl3), connected by closure. The
inclusion P! x P2 < P? is the Segre embedding, the embedding P! x P! — P! x P?
is induced by the inclusion of a quadric P! C P2, and the vanishing locus of A is
the dual variety to this quadric.

Remark 4.14. Let us conclude by mentioning that there is a variant of Proposi-
tion for the vector space V = std ® Sym?®(std) of pairs of binary cubic forms,
equipped with its natural SLs x SLo-action. Again, we will not use this, so we will
just state the relevant results for the sake of completeness (these statements follow
from the work of Bhargava-Ho in [BH]). It turns out that there is an isomorphism
V//(SLa x SLy) = A% where the invariants, denoted a; and a3, are of degrees 2 and
6, respectively. In particular, there is an isomorphism

V(2)//(SLa x SLy) 2 A%(4,12) = Spec H, (x; Q),

where the symbol V(2) means that the coordinates of V' are placed in weight —2.
In fact, the action of SLy x SLs on V' descends to an action of SOy, and it turns
out that V = ﬁoi C g4 under the embedding SO4 C Go.

As in Remark there is a Kostant slice x : A2 2 V/(SLy x SLy) — V, and
it turns out that there is an isomorphism

A% Xy /(s1axs1a) A% 2 Er (3)[2],

where Ep, (3y is the universal elliptic curve y? + ayzy + azy = o3 with a T'y(3)-level
structure over A2. The reader is referred to [BH] (see in particular [BH| Line
6 of Table 1]) for a detailed study of this example, from which the above claims
can be deduced. I do not know how either this example or Remark [£.10] fits into
the invariant-theoretic picture of geometric Langlands described in this article and
[BZSV|, Dev]!

Finally, let me end by stating the specialization of Conjecture [£:3] to n = 4.
Using Remark [3.10] this can be reduced to:
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Conjecture 4.15 (Conjecture for n =4). Let G4 = Rescpy1/47/cpPGLle. Let

O denote the minimal nilpotent coadjoint orbit of sog, and let the symmetric group
Y4 act on O as described in [FJLS| Section 4.1]. Then the action of SLy* C SOg
on O descends to an action of SLy on the invariant quotient O )¥4. For this action
of SLa, there is a fully faithful functor

Perf™"((0/£4) /SLa(~2p)) = Shvespyy (Ga (1) /PGLa (1)); k),

for a certain grading on O )/¥,.
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