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ABSTRACT. We prove relative Langlands duality for X = GLp44/(GLp x GLg).
These symmetric spaces arise in the setting of the linear period of Friedberg—
Jacquet when p = ¢, and exhibit non-tempered behavior when ¢ > p+ 1. Via
the real-symmetric correspondence, we establish a derived Satake equivalence
for the real group Gr = U(p, ¢), and use it to obtain a constructible realiza-
tion of coherent sheaves on Kato’s exotic nilpotent cones. Along the way, we
describe the dual variety of X in terms of the Whittaker cotangent bundle and
regular centralizers, viewed as Coulomb branches.
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1. INTRODUCTION

1.1. Relative Langlands duality. The relative Langlands program of Ben-Zvi,
Sakellaridis and Venkatesh [BZSV] proposes geometric mechanisms for observed
and conjectural relations between periods and L-functions.

A fundamental conjecture in the program predicts that given a complex reductive
group G, with dual group G, and a homogeneous spherical G- varlcty X, there exists

(graded) Hamiltonian G-variety M with moment map p : M — §* equipped with
a commuting G,,-action satisfying u(t-m) = t>u(m), and a relative derived Satake
equivalence

(1) Dt (LX) & Perf®(M)/

On the left or automorphic side, £X is the formal loop space of X, £¥G is
the formal arc space of G, and D’;:JrG(SX) is the bounded constructible dg-derived
category of £7G-equivariant sheaves on £X. On the right or spectral/Galois side,
PerfG(M)i is the sheared dg-category of G-equivariant perfect dg-modules over the
ring of functions on M viewed as a dg-algebra with trivial differential and grading
given by the G,,-action. The shearing notation and the shifted vector spaces used
below are defined in Section 4.2; the parity convention is specified in Section 4.4.

Moreover, the relative derived Satake equivalence (1) should be compatible with
the natural monoidal actions under the derived Satake equivalence

Db+ ¢(Gre) = Perf® ("[2))

where Grg = £G/£7G is the affine Grassmannian, D%, (Grg) acts on D4, . (£X)
by convolution, and PerfG( *[2]) acts on PerfG( )/ by tensor product through .

1.2. Linear period of Friedberg—Jacquet. An important instance of relative
duality is the linear period of Friedberg—Jacquet [FJ]: here one takes G = GLy,,
so with dual group G = GLg,, and studies X = GLy,/(GL, x GL,) with expected
dual

M = GLy, x5P2r (AZA%P[2] x T*A%[1])
M/CG = (A2A%P[2] x T*A2p[1])/8p2p
Similar phenomena can be observed more generally, when one takes G = GLj4q,

q > p, so with dual group G = GLp44, and studies X = GL,1,/(GL, x GL,) with
expected dual

M = GLp4q x5P2r (A2A%P[2] x T*A%[q — p+1] x gli_,[2] / GLq—p)

M/G = (A*A®P[2] x T*A*[q —p + 1] x gl;_,[2] / GLg—p)/Spy,
In the associated-bundle presentation the grading also acts on the group factor by
g — gA\(t)~!, with X as in (8); after quotienting by G, only the displayed fiber
degrees remain. When p = ¢, the final GL,_, quotient factor is a point. Note this
is tempered if and only if g=por ¢g=p+ 1.
Our main result is a relative derived Satake equivalence in this setting:

Theorem 1.2.1. (see Theorem 4.2.1) For G = GLptq, ¢ > p, and X =
GLp+4/(GL, x GL), there is a relative derived Satake equivalence of dg-categories

Dl (£X) = PertP2r (\?AZ[2] x T*A[q — p+ 1] x gli_,[2] / GLq_,)
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compatible with the natural monoidal actions under the derived Satake equivalence
DY (Gres) 2= Perf (5" [2)

Within the above derived Satake equivalence, we also find an abelian equiv-
alence. According to [CN, Section 8.4], the category D%, .(£X) admits a per-
verse t-structure. We denote the corresponding category of perverse sheaves by

Perve+(£X).

Theorem 1.2.2. (see Theorem 4.4.1) There is an equivalence of abelian category
A*(T*A%)—mod(Rep(Spy,)) P =40,

Rep(Spyy) p#q.

1.3. Derived Satake equivalence for U(p,q). A key feature of the linear pe-
riod of Friedberg-Jacquet, and more generally of G = GL,44 acting on X =
GLp+q/(GL, x GL,) is that X is a symmetric space, i.e. K = GL, x GL, is the
fixed-points of an involution # of G. Among many consequences, this allows one
to reinterpret the relative derived Satake equivalence of Theorem 1.2.1 in terms
of the unitary group Gr = U(p,q), which is quasi-split if and only if ¢ = p or
q = p+ 1. Following [CN] and recalled as Proposition 2.4.5 below, the automorphic
side admits a natural equivalence

(2) D%*G(SX) = DZ*U(p,q)(GrU(P’Q))

where Gry(,,q) = L£U(p,q)/£7U(p,q) is the real affine Grassmannian of U(p, q).
Moreover, the equivalence (2) is compatible with natural actions of the derived
Satake category.

So the relative derived Satake equivalence of Theorem 1.2.1 can be restated as
a real derived Satake equivalence:

Perverq(£X) & {

Theorem 1.3.1 (see Theorem 4.2.1). For Gr = U(p,q) there is a real derived
Satake equivalence of dg-categories

DISJ:+U(p,q)(GrU(p7q)) = Perf P2r (\2A%P[2] x T*A%[q — p + 1] X iy p[21 ) GLg—p)
compatible with the natural monoidal actions under the derived Satake equivalence
DY, (Grg) = PerfS (§[2))

According to [N], there is natural perverse t-structure on D§+U(p7q)(GrU(p’q))
and we denote by Pervg+y(p,q)(Gry(p,q)) the corresponding category of perverse
sheaves.

Theorem 1.3.2. (see Theorem 4./.1) There is an equivalence of abelian category
A*(T*A?P)—mod(Rep(Spy,)) P =4,
Rep(Spyy) pP#q
1.4. Whittaker cotangent bundles and regular centralizers. Another key
feature of the linear period of Friedberg-Jacquet, and more generally of G = GLp44
acting on X = GL,4,/(GL, x GL,) is that K = GL, x GL, is a Levi subgroup of G.

The work of the third author [M] suggests the alternative description of the dual
variety M as the affine closure of the Whittaker cotangent bundle

3) N =Ty, (G/0)

Perv2+U(p,q) (GI"U(p,q)) = {
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here T7, (G/U) is the Hamiltonian reduction of T*G by a maximal unipotent sub-
group U = [B,B] C G at —di; for the right action g+ gu~', where 1 : U — G,
is an additive character nontrivial precisely on the simple roots of the dual Levi
K = GL, x GL, (see Section 3.4 for more details).

On the other hand, a recent general result of Ginzburg [Gi] suggests another
description of the dual variety in terms of regular centerlizers group schemes:

(4) MG x Jg /7 g

here the right hand side is the affine closure of the quotient G x Ji/m*J &, where
J& = ¢q, Jg — ¢ are the group schemes of regular centralizers, and 7 : ¢z — ¢
is the natural projection (see Section 3.5 for more details).

Indeed, we prove the isomorphisms (3) and (4), which is the key step in our
approach to Relative Langlands duality for linear periods:

Theorem 1.4.1 (see Theorem 3.6.1). There are G x G, -equivariant isomorphisms
of affine varieties over §* in the following commutative diagram

G x Jg/mJs T;, (G/U)

In fact, the isomorphism T7, (G/U) = (G x Jg)/m*Jg in Theorem 1.4.1 follows
from the work in [Ga, M], which is valid when K is a general Levi subgroups
(not necessarily symmetric or spherical), and the main step in the proof is the
isomorphism (3). The proof uses a generalization of Kostant theorem, see Section

3.7, and a Lagrangian correspondence between T;LK (G/U) and M, see Section 27.

Since M is smooth, as a corollary of the theorem we obtain the following:

Corollary 1.4.2 (see Corollary 3.6.2). The affine closures TZK(G/U) > (G x Jg)/7* T
are smooth.

Remark 1.4.3. Tt is proved in [Gi, Corollary 3.1.6] that the affine closure

G x Jg/m*J for general connected reductive subgroup K C G is an irreducible
normal variety. However, the smoothness of the affine closures in setting of Levi
symmetric subgroup K = GL,, x GL, was unexpected at least by the authors.

1.5. Exotic nilpotent cones. Finally, this paper also makes contact with the
exotic nilpotent cones of [Ka]. Recall the dual variety

N1/G = (\2A20[2) x T*A[g — p+ 1] x gli_[2] / GLq_p)/Spsy
The null-cone for the Sp,,, action on A?A?P[2] x T*A*[q — p + 1], denoted by
. C APAP[2] X T"APP[g — p+ 1]

is known as the exotic nilpotent cones of [Ka]. Consider the dg category D?(Gryy,q))
of bounded constructible complexes on Gryg, ) and its full subcategory

DY et u(p.a} (Crum.g) € DY (Gryg.q)
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of bounded complexes constructible with respect to the £7U(p, q)-orbits stratifi-
cation. As a corollary of derived Satake for U(p, q), we obtain the following con-
structible description coherent sheaves on N’Sp2 :

P

Theorem 1.5.1. (see Theorem 4.3.1) There is an equivalence of dg-categories
b ~ S
Die+0(pa (Gru,q) = Perf™P (N, )

1.6. Hermitian symmetric spaces. The symmetric space X = GL,14/(GL, X
GL,) considered in this paper is a particular example of a Hermitian symmetric
space. In forthcoming work [CDMN], we expect to establish Relative Langlands
duality for Hermitian symmetric spaces with no roots of type N. Modulo central
factors, the Hermitian symmetric spaces under consideration are as follows:

X =G/K Rank
GL2r+m/(GLT X GLTJ’_m) r
PSO2,/GSO2m 2 5
SO, /GLar ;
SOy4r+2/GLar 11 r

2

3

Es/GSO1
E;/GEq

A striking feature of the Hermitian symmetric case is that, after forgetting the
gradings, all of the corresponding dual varieties M are of the form

G <SPV (T*(V) x AZ(V) x A%X)

where V is a vector space of dimension 27 and ax is the dimension of the remaining
affine factor. For the linear periods considered here, r = p and ax = ¢ — p.

1.7. Acknowledgements. T.-H. Chen would like to thank the NCTS-National
Center for Theoretical Sciences at Taipei where parts of this work were done. THC
is supported by NSF grant DMS-214372 and Simons Fellowships. SKD was sup-
ported by an NSF postdoc fellowship and a Simons postdoc fellowship (as part
of the Simons Collaboration on Perfection in Algebra, Geometry, and Topology).
MM was supported by an NSF postdoc fellowship. DN is grateful for the support
of NSF grant DMS-2401178.

2. CONSTRUCTIBLE SIDE

Throughout, sheaves have complex coefficients, and Rep(H) denotes finite-
dimensional algebraic representations of a complex algebraic group H. We use D?
for the bounded, finite-rank constructible category and Perv for its perverse heart.
The cocomplete categories D and their compact objects are distinguished below in
Section 2.3.

2.1. Real groups and symmetric spaces. Let G = GLy be the complex general
linear group of rank N. Let T be the diagonal maximal torus and B = TU be the
Borel subgroup of upper triangular matrices.

Fix integers 1 < p < ¢ and put N = p + ¢. Consider the following matrix

0o 0 J
L,=(0 1, 0
J, 0 0
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where I,_,, is the identity matrix of size ¢ —p and J, is the permutation matrix with
1’s on the anti diagonal and 0’s elsewhere. Consider the involution 6 : G — G given
by 0(g) = 1,,4,9(I,,4) ' The fixed point subgroup K = G is a Levi symmetric
subgroup of G isomorphic to K = GL, x GL,. We denote by X = G/K the
associated symmetric space.

The block upper triangular subgroup

Bp * *
P=10 GL;—, *
0 0 Bp

is a -split minimal parabolic subgroup, where B, C GL,, is the upper triangular
Borel. Its Levi subgroup is

GL? 0 0
L=PnoP)=| 0 GCL,, 0
0 0 GL?

The subtorus A = {t € T|f(t) = t~'}° C T is a maximal #-split torus consisting of
diagonal matrices of the form

;1,...,111_1)

We have L = Zg(A) and P = LUp = MAUp where Up is the unipotent radical of
P and M = Zk(A). We see that X is quasi-split (but non-split) if and only if p = ¢
orp+1=q.

We write At = X.(T) for the coweight lattice and A for the dominant coweights
with respect to (T,B). Let 2p € X*(T) be the sum of the positive roots. The real
coweight lattice is Ay = X,(A), with AX = Aax N A}“. Under the coordinate
identifications X, (T) = ZN and X*(T) = Z~, we have

2p=(N—-1,N-3,...,-N+3,-N+1).

diag(ai, ..., ap,1,...,1,a

The elements of Ax are the tuples
(5) Ay Ap,0,000,0, = Ap, oy = A1),

We have an embedding 7 : X — G sending z = gK to gf(g)~! which induces
an isomorphism 7 : X = Q = {g € G|0(g) = g '}° between X and the neutral
component of the 6 anti-fixed points in G. We denote by tp : A — Q = X the
natural embedding.

Consider the conjugation 7. : G — G given by 1.(g) = (g*)~! with fixed points
subgroup G, = G = U(N) the compact unitary group. Consider the conjugation

g~')'L 1. The fixed point subgroup G is a real

n: G — G given by n(g) = I,4(g
form of G, denote by Gr = U(p, ¢), known as the unitary group of signature (p, q).
Consider the intersections PR = PN Ggr, Lr = LN Gr, and Up r = Up N Gr, etc.
The intersection Pg = P N Ggr is the minimal parabolic subgroup with Iwasawa
decomposition Pg = MrAgrUp r. The intersection K. = KN Ggr is a maximal
compact subgroup isomorphic to the product K. = U(p) x U(g) of unitary groups.

2.2. Loop spaces and affine Grassmannians. Let £G and £K denote the loop
groups of G and K, respectively. We also have the arc subgroups £+G C £G and
£TK C £K. Let Grg = £G/£1G and Grg = £K/£7K be the corresponding affine
Grassmannians. We abbreviate Gr = Grg. There is a natural closed immersion
1 : Grg — Grg. Let £Ggr be the real loop group and £+Ggr C £Gg its arc
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subgroup. The quotient Grg = £Gr/£TGR is the real affine Grassmannian, a
real form of the ind-scheme Grg. For any A\ € AJTr (resp. A € AX) we denote by
Gr* C Gr (resp. Gry C Grg) the £+G-orbit (resp. £+Gg) through t*. We have
Gr = |_|/\€A¥ Gr* and Grg = uAeAfg Cry.

Let £X be the loop space of X. The embedding tpn : A — X of the 6-split
torus gives rise to an embedding Ay — £X sending A to 2* = 14 (). Let £X* =
£+G - 2* be the £+G-orbit through 2*. It is known that £X = |—|/\€AX £X* and

XX = UuGAX u<x £XH (see, e.g., [CY, Proposition 17 and Theorem 18]).

2.3. Real and relative Satake categories. Let (Dg+g(Gr),*) be the co-
complete monoidal dg category of £%G-equivariant constructible complexes on
Gr with monoidal structure given by the convolution product: F,F’ € Dg+q(Gr)
and F « F/ = m(FXF’), where m : £G x*"C Gr — Gr is the natural action
map and FXF' € Dgi (LG x<eha Gr) is the twisted product of F and F’. Tt
is known that Dg+q(Gr) is compactly generated and we denote by Dg+q(Gr)©
the subcategory of compact objects. The equivariant derived category D%, ,(Gr)
coincides with the subcategories of locally compact objects' and we denote by
Ind(D%. (Gr)) the ind-completion of D% ,(Gr). We denote by (Dg+gg (Grr), %),
etc, the corresponding monoidal categories for Grg. We will call the categories
De+g(Gr), ete (resp. De+ap (Grr), etc) the complex Satake categories for G (resp.
real Satake categories for Gr).

Let Dg+q(£X) be the co-complete dg category of £1G-equivariant constructible
complexes on £X. Denote by Dg+q(£X)C, D’)’3+G(£X), and Ind(D’)’:JrG(SX)) for
the corresponding categories of compact objects, locally compact objects, and the
ind-completion of the latter, respectively. We have a natural action of the complex
Satake category

* 1 D2+G(GI') X D£+G(£X) — D£+G(£X)

given by F x F/ = q;(FXF’) where a : £G x¢' ¢ €X — £X is the action map and
FXF’ € Dg+c(£G x£7C £X) is the twisted product of F and F/. We will call the
above category Do+ (£X), ete, the relative Satake categories.

2.4. Hecke actions. Let Gr'® — C be the Beilinson-Drinfeld Grassmannian over
the complex line classifying triples (x, E,$) where z € C, E is a G-bundle on C,
and ¢ is a trivialization of E on C\ {£x}. Consider the anti-holomorphic involution
7 on Gr® given by n(z, E, ¢) = (=%, n*E, n*¢) defines a real from Grg) — iR such
that

b

Gr x iRsg 4> Grl) Grr

L

Ro iR {0}

Consider the specialization functor

(6) Y :Derg(Gr) = Dergr(Grr) ¢(F) = b a.(FX Cir_,).

lAn object F is called locally compact if its image under the forgetful functor For : Dy o (Gr) —
D(Gr) is compact.
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Let Perve+g(Gr) C Db, (Gr) be the category of £FG-equivariant perverse
sheaves on Gr. The geometric Satake equivalence says that there is an isomorphism
of Tannakian category

(7) Pervetq(Gr) = Rep(G)
where G = GLy is the dual group of G such that the intersection cohomology
complex IC* for VGrA maps to the irreducible representations V) of highest weight

A. For V € Rep(G), write ICy for its corresponding Satake sheaf. According to [N,
Lemma 3.9.1], we have

P
dimg (Grg) = (A, 2p) =2 (N +1-2i)); € 2Z.
i=1
Thus there is perverse t-structure on the real Satake category D%+GR(GrR) given
by the middle perversity function
dimg (Gry u )
pr:AL = Z, pr(\) = f% =—> (N+1-2i)\
i=1

We denote by Perve+gy (Grr) the corresponding category of £ Gr-equivariant
perverse sheaves on Grgy.

The Hecke action of Rep(G) on the real Satake category De+gg (Grr), denoted
again by #, is defined as

Rep(G) x Detgg (Grr) = Detgr (Grr) (V,F) = VF = ¢(ICy) * F
Proposition 2.4.1. (1) The specialization functor v, and hence the Hecke action,
is monoidal. Moreover, the Hecke action is t-exact with respect to the perverse t-
structure if and only if Gr is quasi-split, that is, when Gg = U(p,p) or U(p,p+1).

(2) The Hecke action of Rep(G) preserves semisimplicity, that is, it maps semi-
simple objects to semi-simple objects.

Proof. Part (1) is [N, Theorem 1.2.2 and Corollary 10.6.2] and Part (2) is [CN,
Corollary 1.5]. O

We shall show that the real Satake category De+gy (Grr) is generated by IC%
under the Hecke action.

Lemma 2.4.2. Any real dominant coweight \ € Ajg is of the form A = u — 0(p)
for some p € Ay

Proof. The involution 6 sends a coweight p = (a1,...,ap,b1, ..., bq—p,C1,...¢p) €
AT = ZN to
9(@) = (Cp, ...y C1, bl, ceey bq—p7 Apy ey al).
It follows that for any real dominant coweight A = (A1,...Ap,0,...,0, =Xy, ..., —=A1) €
AL, we have A = — 0(u) where 1 = (A1, ..., Ap, 0, ...,0) € Ap. The lemma follows.
([l

Lemma 2.4.3. The £7Gg-stabilizers on Grr s connected.

Proof. According to [N, Proposition 3.6.1], each £+tGg-orbit Gry is a Gr-
equivariant vector bundle over a real flag manifold Ggr/Pr \, where Pgr ) is a
real parabolic subgroup depending on A. Thus it suffices to check that Pr ) is
connected. Since a real parabolic is connected if and only if its Levi subgroup
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is connected, we reduce to the latter assertion. The Levi subgroups of Ggr are
isomorphic to

U(p—a,q—a)xHGLni((C), a:ZniSp,

which is connected. ]

Proposition 2.4.4. (1) The irreducible objects of Perve+gy (Grr) are given by
the the intersection cohomology complex IC%‘{ for Gr%‘{, A€ AX.

(2) The real Satake category Do+ (Grr) is generated by ICY under the Hecke
action of Rep(G)

Proof. Lemma 2.4.3 implies that De+gy (Grr) is generated by IC-complexes ICx
and Lemma 2.4.2 together with [N, Corollary 10.6.2] implies, up to shifts, all the
IC-complexes appear as a direct summand of V x ICOR for some V € Rep(G). The
corollary follows. O

It is shown in [CY, Theorem 3.6] that the collection of spherical orbits
{£X )¢ At provides a placid stratification of £X (see [CY, Appendix A] for
a review of placidness). Thus by [CN, Proposition 8.12.], there is a unique perverse
t-structure on on Dg+q(£X) associated to the perversity function

px AL = Z, px(N) =—(\,p)
characterized by the property that
PDZY(£X) = {F € Dy. (£X)[i} (F) € "DZ2 (£X))[px ()]}

here i) : £X* — £X is the embedding and pD%EG(SX’\) is the positive part of the !-
adapted perverse t-structure on the placid scheme £X*. We denote by Perv g ¢ (£X)
the corresponding perverse heart on DZ)’3+G(£X). For any A € AX, we denote by
IC% the IC-complex for the orbit £X*. We have i} (IC%) 2 wexx[px(\)], where
wexx is the dualizing complex of £X*.

Recall the following real-symmetric equivalence [CN, Theorem 1.1]:

Proposition 2.4.5. There is a natural equivalence
D2+G(£X) = D£+GR(GTR)

which is exact with respect to the perverse t-structure and is compatible with the
monoidal action of the complex Satake category Da+q(Gr). In particular, the above
equivalence gives rise to an equivalence between perverse sheaves

Perve+ (LX) = Perve+ gy (Grr).

Consider the Hecke action of Rep(G) on Dg+g(£X) given by

Rep(G) x Do+ (£X) = Derg(£X), V*F=ICy*F
The following follows directly from Proposition 2.4.1, Proposition 2.4.4 and Propo-
sition 2.4.5:

Proposition 2.4.6. (1) The irreducible objects of Perve+q (LX) are given by the
intersection cohomology complex IC§‘(, AeEATL.

(2) The Hecke action on De+q(£X) is t-exact if and only if X is quasi-split, that
is, if X =2 GLgp/(GL), x GLp) or GLop41/(GLy, x GLpy1).
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(3) The relative Satake category De+(£X) is generated by ICY = werx under
the Hecke action of Rep(G).

3. SPECTRAL SIDE

3.1. Hamiltonian dual varieties. We recall the construction in [BZSV] of the
Hamiltonian dual variety of X = GLp4/(GL, x GL;). Put N=p+¢q,d =¢—p,
and G = GLy. Throughout the spectral calculatlons choose the lower triangular
Borel B, with diagonal torus T and unipotent radical U, with simple root vectors
E;+1,4. For a block of size m, set

m— m—1
Tm(t) = diag(t'~™ ¢37™ L), Z Eit1, fn = Biig.
i=1 =1

Thus (e, [em, fm], fm) is a principal slo-triple and 7,,, is the sum of the positive
corootsvfor the lower triangular Borel.
Let L = Iy, x GLs C G be the Levi subgroup, and write

(8) At) = 2p,(t) = diag(Iap, 75(1))-

For 6 = 0, put A = 1. Choose the principal homomorphism ¢;, : SLy — L whose
differentials on the upper and lower root vectors are es and fs, respectively, and
whose restriction to the diagonal torus is A. For 6 <1 this homomorphism is trivial.
Let Px = LxNx be the parabolic determined by A: its Lie algebra is the sum of
the nonnegative weight spaces, Lx = Zg (), and Lie Nx is the sum of the positive
weight spaces. Explicitly,

[ o GLg, x GL{™?, p+q € 27,

T\ GLypyy x GLI P pige2z+1.

We will use the distinguished commuting subgroup
/X = GLgp X Iq,p = GLQP.

Let V = C?, with standard basis e1, ..., e, and the symplectic form characterized
by w(e;,epr1-;) =1 for 1 < i < p, skew-symmetry, and zero on all other pairs of
basis vectors. The dual group of X is

Gx =Sp(V) c Lk C G.
The block GLg, commutes with ¢; (SL2), so
px:Gx xSLe — G, (g.h) —> guy(h)

is the Arthur homomorphism associated to X. o
Denote by g, gx, nx, etc, the Lie algebra of G, Gx, Nx, etc. Let &y, : § = g* be

the G-equivariant isomorphism induced by the trace paring. Let ex = dii ( (8 é))

and yx = dLL(((l) 8)), and ¥x = Py, (yx) € §*. Denote by ix >2 C fix be the

> 2 weight subspace with respect to the action of A. Put NX722 = exp(fix,>2).
Following [BZSV, Section 3.4.2], we will consider the following three Hamiltonian
varieties:
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(1) the cotangent bundle T*C viewed as G x G-Hamiltonian space with moment
map T*G = G x §* — §* x §* sending (g,v) — (Adyv, —v) (here we identify
§* as left invariant differential forms on G).

(2) the symplectic representation Sx of Gx = Spy, given by

_JTA p=gq,
=
0 P#q.

where T*A?P is the cotangent bundle of the standard representation AZP
of Spy,,, viewed as Gx-Hamiltonian space W1th the standard moment map

S

Sx — §% = sp3, sending s € Sx to (v — fwg (vs,s)) € sp3, (here wg_ is
the canonical symplectic form on T*A?P)
(3) the quotient space fix/fix >2 with the symplectic form way (u,u’) =

¥x([u, u']) and the Hamiltonian GxNx-action given by

(i) the Gx-action is through the adjoint action

(ii) the Nx-action is through the translation action NX/NX722 =
ix /x>0

(iii) the Gx-moment map is given by

fx/fix,>2 — Lie(Sp(ix/fx,>2))" — 8x
where the first map the canonical moment map on the symplectic vector
space and the second map is induced by the inclusion Gx — Sp(ix/fix >2))
(iv) the Nx-moment map is given by tx-shifted moment map
Ax/ix >2 = (Ax/fx,>2)" = 8x v = v+ Ux|ax

where the first isomorphism is induced by the symplectic form.
Example 3.1.1. (1) Assume p + ¢ is odd. Then we have Sx = 0. Moreover,
it follows from (8) that the weights with respect to co-character 2p; are all even
numbers and it follows that fix /fix >0 =0

(2) Assume p + q is even. If p = g, then we have Sx = T*A?" and fix /fix >2 = 0.
If p # g, then we have Sx = 0 and a direct computation show that Sp, -equivariant
isomorphism
fix /fix >0 & fix 1 & T*A?.
where fix ; is the weight one subspace.
The product space
TG x SX X ﬁX/ﬁX722
is naturally a Hamiltonain GXNX—space, where Nx acts trivially on Sy and GxNx C
G acts on T*G through the right G-action, with moment map
Hapx T*G X SX X ﬁx/ﬁx,zg — g;{( X ﬁ;(
and the dual variety of X is defined as the following Hamiltonian reduction
M = ,ui ( )// GxNX =T* G XGxNX (SX X le/l‘lX >2)
We have the residual moment map
w:M— g*

coming from the left G-action on T*G. Moreover, u is G,,-equivariant with respect
to the square action on g* and the G,,, on M induced by
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(1) the scalar action on Sy and ix /fx,>2
(2) the action on T*G = G x g* given by t(g,v) = (92p5,(t71), 12 Ads, (1) (v)).

Example 3.1.2. (1) Assume p + ¢ is odd. Then it follows from Example (3.1.1)
that

M = Ty (GLp+q/Sp2pNX) = GLp g x P2y x (1x + (spgp ® iix) ™)
is isomorphic to the ¢x-twisted cotangent bundle of GLjp44/ SpQPNX with respect
to the covector ¥x|sp, oix € (593, © 1% )5P2sN% | and the moment map is given by
wiM— g, [g,v] — Adgwv.
Moreover, if ¢ = p + 1, then both Nx and ¢x are trivial, and
M = T*(GLayp+1/Spg,) & GLapi1 xP20 spy,

is isomorphic to the cotangent bundle of GLaj41/Sp,,; here ﬁpé-p is taken in gly, ;.

(2) Assume p = gq. Then Nx is trivial, and Hamiltonian induction identifies

M ~ T*(GLgp/Spy, x V) =~ GLg, xP2p (o, x V x V), pop = spfp C gly,.

Use w to identify V* with V, and put Ry, ,(2) = w(v, z)u. In the product cotangent
coordinates the moment map is

(9) p#lg, Tyu,v]) = Adg(T + Ruw), T € pp.

For comparison with the trace-orthogonal coordinates in the Hamiltonian reduction,
set

ﬂ(u, U) = prngP Ru,v = %(Ru,v + Rv,u)a A=T+ PTy,, Ru,v-
Then T + Ry, = A + B(u,v). Both coordinate descriptions give the grading
tlg, A, u,v] = [g, t2A, tu, tv].
3.2. Vector bundle structures. Consider the Gx x G,,-representation

VX = SX X (g)l( n Z@(@X)).

The action on Sx is scalar multiplication, and the action on the second factor is
& +— t? Ady) . The construction of [BZSV, Section 3.4.8, (3.18)—(3.19)] gives an
isomorphism
(10) M~ GG V.,

Here and below our associated-bundle convention is (g,z) ~ (gh~!, hx).

In terms of the isomorphism above the moment map is given as follows. If § = 0,
then Vx = pa, x V x V and the moment map is described in Example 3.1.2 (2). If
8 > 0, then Sx = 0 and we set

Zs = fs + (8% N Zg(es)),

where the two nilpotents occupy the final d-block. Translation by fs identifies Zs
with Vx, and

(11) M ~ G xGx Zs, w(lg, z]) = Ady z.
The grading is
(12) tlg, z] = [gA(t) ", % Ad () 2]
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Lemma 3.2.1. There is a Gx X G, -equivariant isomorphism
VX ~ A%V x T*V x CGLs-

The degrees on the first two factors are 2 and § + 1, respectively. The coefficient of
order i of the monic polynomial parametrized by cgr, has degree 2i.

Proof. For § = 0, this is the decomposition Vx = pap X T*V, with po, ~ A?V. For
6 > 0, the nilpotent has the block form

0 0 =
2 § ; AR )
ex ( OP 65> R es = 2 1(5 Z)Eprl,z.

Let €1,...,e5 be the standard basis of C°. The two off-diagonal centralizer spaces
are

D ={d € My, :des =0} = {be} : be V},
C={d €Msop:esc’ =0} ={esc:ce V']

Here M, ; denotes the space of a x b matrices. Thus

¥, <L (ex) = P2p D
(13) Ve maxnled <C Zgla(e5)>

A bEt *
(650 81) A E€pgy, bEV, ce VT, seZgré(eg)}.

Thus the matrix z in (11) is

A bt
14 Ab = Lo,
(14) st = (2 1)
Since eg is regular nilpotent, its Lie algebra centralizer 85 has basis I, €5, . . . ,egfl.

The grading gives degrees 2 on A and § + 1 on b,c. The coefficient of €5 ' has
degree 2i. The Kostant section f5 4 Zgi,(es) =~ cqL, therefore identifies its grading
with the characteristic-polynomial degrees 2,4, ...,24, proving the assertion. O

Proposition 3.2.2. There is an isomorphism of varieties
M = GLyp4q x 9% T*(GLa,/Spy, x V) X caL;-

It is G x G,p,-equivariant for the action transported from (12) and the fiber degrees
in Lemma 3.2.1.

Proof. Combining (10), Lemma 3.2.1 and Example 3.1.2, we have the desired iso-
morphism

M =~ GLpyq X2 (pop x T*V) X e, =~ GLp1q x 922 T*(GLg, /Spy, X V) X G-
O

3.3. Invariant quotients and exotic nilpotent cones. Put 6 = ¢ — p and
V = A?. Under the symplectic identification A2V ~ pyp,, the space pa, = spa,
consists of the symplectic-self-adjoint endomorphisms. Explicitly,

Pop = {@( T&)) X.Y.Zegl, r(Y)=-Y, Z)= z} .
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Here r(X) = J,X"J, is reflection across the anti-diagonal, with J,, the anti-diagonal
permutation matrix. The invariant ring for the diagonal action of Sp,,, on pa, X VxV
is polynomial, with generators by, ...,bp,co,...,cp—1 characterized by

det(z — T) =P(2)%, P(2) =2 +bi2P 1+ + by, cj = —w(TIu,v).

Here (T, u,v) € pap x V x V. The quotient map is equidimensional; see [S] and
[Kn2].

Recall that cqr,,, = gl,,, / GL,, is the coefficient space of monic polynomials of
degree m, with origin z™. Using the trace identification, let x., : gly, — caqr,, be

m

the characteristic-polynomial quotient map. We use the coordinates co,...,cp—1
for a second copy of cqr, by associating to them the polynomial

Clz) = 2P +cozP L+ 4 cpr.
The final factor cqr,, has coordinates dy, ..., ds, with
D(z) =20 +di2°7 1 + -+ ds;

for § = 0 this factor is a point and D = 1. Lemma 3.2.1 and Proposition 3.2.2 give
the natural product presentations

(p2p X VX V) [/ Spy, ~ caL, X ¢ar,, MG ~cqL, X caL, X ¢GL-
In particular,
OM)S =Clby,... by, Cos-- -, Cp1.di,. .., ds)-
The grading transported from M is
deg b; = 2i, dege; =2(j+0+1), degd; = 2i.
Denote these quotient maps by
Xpp i P2p X VXV = car, X car,, Xy M = cgr, X €GL, X €GL-

We next construct sections of x,, and xy; using the companion-matrix description.

For b= (b1,...,bp), take the companion matrix
0 0 -+ 0 —by
1 0 - 0 —bys
kp(b)=10 1 : :
0 —b
0 0 1 —b

Lemma 3.3.1. (1) The map

(b ¢) = (("Péb) mm?(b))) e, (0,...,0, _cpl,...,_co)t)

is an algebraic section of Xp p.
(2) In the product fiber coordinates above, the map kyy = fip,p X ideqy s

Kyp ~
CGL, X ¢GL, X ¢GLs; — Vx
— GLp+q XSpZP VX ~ M,

defines an algebraic section of xyp, with the final factor omitted when § = 0.
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Proof. Write kpp(b,c) = (T,u,v). The characteristic polynomial of T is (z” +
b1zP~1 4 -+ b,)?%. Since TIu = e;44 for 0 < j < p, we also have —w(T7u,v) = ¢;.
This proves (1); part (2) follows immediately from part (1). O

*

The moment map x: M — gl
the following commutative diagram:

is GLp4q4-equivariant and hence gives rise to
Y 14 *

M —— gl

(15) XM\L lXN

CGL, X €GL, X ¢GL; ~77 CGLpq-

Let N = xx'(0) be the nilpotent cone for gly.,, and put N’szp = X;(0), the

exotic null-cone in this representation; see [Ka]. It follows from Proposition 3.2.2
that

XE/II(O) = GLyyq X P27 Nlszp'
Consider the preimage = (Ng«) C M of the nilpotent cone under the moment map.
Lemma 3.3.2. The natural closed embedding
GLpq %P2 Ny, X (0) = i~ (Nge)

induces a bijection on C-points.

Proof. Denote by [ the lower arrow in (15). In view of the commutativity of that
diagram, it suffices to show that the C-points of ji~*(0) consist only of the origin.
By Lemma 3.3.1, we have

ﬂ(bv C, d) = XNOUO HM(bv c, d)a

and [i(b,c,d) = 0 if and only if the characteristic polynomial of u(ky(b,c,d)) is
2PT4, Thus we reduce to checking that

det(z — p(ry (b, c,d))) = 2"T1 = (b,c,d) =0.
Write ky(b, ¢, d) = (T, u, v,d), put Ky = k,(b), and set

Co Cp—1

0 0
R(c)=] .

0 0

Then equations (9) and (14) imply
K, +R(c) 0 )

0 () pP=4q
ﬂ(HM(bv ¢, d)) = Ky 0 Ep,5
0 r(Kp) 0 , p<gq.

Fsp(c) 0 f5s +s(d)

Here E, 5 is p x § with its only nonzero entry 1 in position (1,1), and Fs,(c) is
0 x p with last row (co, ..., cp—1) and all other rows zero. For § > 0, s(d) € Zg, (e5)
is the unique element such that det(z — fs — s(d)) = D(2).
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First, in both cases r(Kp) is a direct summand of the moment matrix. If the
moment matrix is nilpotent, then r(Kj) is nilpotent. Since

det(z — 1(Kp)) = 2 + b2 - 4 b,

this forces b = 0.
With b = 0, expansion of the displayed determinants gives

p—1
det(z — p(ry(0,¢,d))) = 2P | 2"D(z) — chzpflfj , D=1iféo=0.
j=0
Thus nilpotency is equivalent to
p—1
2PD(z) — chzp_l_j = 29,
j=0

The term 2PD(z) has no powers of degree below p, so comparison of those coefficients
gives ¢ = 0. We then obtain D(z) = 297P = 2° hence d = 0. Conversely, the same
formula gives 2PT9 when (b, ¢,d) = 0. This proves the lemma. O

3.4. Whittaker cotangent bundles. Let K = GL, x GL, and let P be the lower
triangular parabolic with Levi K. Put

fp,q = diag(fp, fq), % (t) = diag(7y(t), 74(1)), Ta(t) = (1)
The additive character 1g : U — G, has differential u + tr(f, ,u): it is 1 on the
pinned simple root vectors in K and 0 on the simple root vectors outside K. For
the right action ¢ — gu~!, the Whittaker cotangent bundle is the Hamiltonian
reduction at —di:
T:Z;R (G/U) ~ G x"Y (fpq +1)

with moment map sending [g, z] to Ad, z. The grading relevant to the dual variety
is defined by

(16) Y(t) = T ()76 (1)~ = 7 (¢) diag (t9L,, £ P1y),
and
(17) tlg, z] = [gy(t) ", t* Ady ) 2.

3.5. Regular centralizers. We recall some facts and constructions related to the
group scheme of regular centralizers (see, e.g., [BF, Knl, Ngo, Gi, L]). Let J& — ¢
(resp. Jz — ci) be the group scheme of regular centralizers of G (resp. K). Choose
the homogeneous Kostant sections k¢ : ¢ — g% and ki @ g — £*, whose images
on a block of size m are f,, + Zg (em). They give rise to closed embeddings

JG—>CGXG, JK—>CKXK.

The fiber over z is the centralizer of ky(z), respectively of ki (x). Moreover, we
have natural isomorphisms

LieJGQT*CG, LieJK ZT*CK.
For A = G, K, the chosen sections satisfy
liA(tQIE) = ¢? AdTA(t) ka(x),

where t?z denotes square dilation on the Chevalley quotient.
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The embedding K — G gives rise to the map between Chevalley quotients
Tieg =8 JK—g )G =g,
and hence to the cotangent map
m* LieJg ~ 7" T" ¢y, — T cx ~ Lie Ji;.
As in [L] and [Gi, Proposition 5.4.1], this map is the differential of a homomorphism
(18) a1 ) — Jg

of group schemes over c¢i. Note that 7 is generically étale and the map (18) is
generically an isomorphism.
Using the above homomorphism, we can form the quotient

(G X JK)/TF*JG = ((G X CK) Xeg JK)/TI'*JG

by the group scheme 7*J& over c¢i. Its action on the two factors is through the
Kostant-section embedding and the homomorphism (18), respectively; explicitly,

Lz, a()y).

(9, 2,9) -5 = (97
We have a natural G x G,,-action on this quotient, given by
(h,t)lg, x,y] = [hgTe, ()7, 2, Adr 1) ),
and a G x G,p-equivariant map
(19) (G xJg)/m"Je — ", g2,y Ady rg(n(2)).
The morphism (19) extends to a G x G,,-equivariant map W — §*.

Proposition 3.5.1. There is a G x G,,-equivariant isomorphism of affine varieties
over g*

TZK(G/U) ~ (G x Jg) /7 Ja,
with the grading (17) on the left.

Proof. According to [Ga, Theorem 1.1], there is a G x K-equivariant isomorphism
over g*

T*(G/Up) ~ (G x K x CK)/W*JG,
where Up C P is the unipotent radical. Taking Whittaker reduction with respect
to K and Y, we obtain the desired isomorphism

T;, (G/U) = T*(G/Up) [/ -av, U
~ (G x Jg)/m*J .
Here UK = U NK, the differential is restricted to Lie UK, and the sign is that of
the right action g — gh~!. The first isomorphism follows from [M, Lemma 3.1.10];

the second is the Whittaker reduction of Gannon’s theorem, as in [Ga, Corollary
2.8]. (]



TSAO-HSIEN CHEN, SANATH K. DEVALAPURKAR, MARK MACERATO, AND DAVID NADLER

3.6. Dual varieties as affine closures. Here is the main result of the section,
providing an alternative description of the dual variety M as an affine closure of
T;ZK(G /U).
Theorem 3.6.1. There is a G x G,,-equivariant isomorphism of affine varieties
over g*
M~ Ty (G/U).
The rest of the section is devoted to the proof of Theorem 3.6.1. The key ingredi-

ents include a generalization of Kostant’s theorem, see Section 3.7, and a Lagrangian
correspondence between T, (G/U) and M, see Section 27.

Since the Hamiltonian dual variety M is smooth, as a corollary of Theorem 3.6.1
and Proposition 3.5.1 we obtain the following smoothness of the affine closures.

Corollary 3.6.2. The affine closures
TZK(G/U) ~ (G x Jg)/m* g

are smooth.

3.7. Generalized Kgstant theorem. For m > 1, let B,, c GL,,, be the lower
triangular Borel, let U,, be its unipotent radical, and write b,, and 1, for their
Lie algebras. Consider the regular nilpotent matrices

0 0 1
m—1 0 0 1
_ 2(m—2) 0 Fon =

m—1 0 0
Put
T () = diag(t' =™, 3™ . ™ h).
Thus (e, dTm (1), fin) is a principal slo-triple. The celebrated result of Kostant

[K] asserts that Uy, acts freely on b,, + f,, and provides a transverse slice to the
U,,,-orbits. More precisely, let 8,,, = Zg(, (€m) C by,. Then the action map

Ijm X (Sm + fm) — Em + fms (u,:c) L AdU(I)a

is a U,,-equivariant isomorphism.

The main result of this section is an analog of Kostant’s theorem in which f,,
is replaced by a nilpotent element with two Jordan blocks. Namely, consider the
following nilpotent elements

w5 2 (k1)

The second matrix is the trace representative of di; used in Section 3.4. We
have a natural adjoint action of U on b + fp,q but, unlike the setting of Kostant
theorem, this action is typically not free. We shall introduce a subgroup Ux C U
and a Ux-invariant affine subspace Sp.qg T+ fp.g b+ fp,g- The generalized Kostant
theorem, see Theorem 3.7.5 below, says that the adjoint action map factors through
an isomorphism

(20) U xUx (8p,q + frg) = b+ fra-
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3.7.1. Symplectic linear algebra. We record some linear algebra results needed for
the proof of (20). We focus on the case p = ¢ and write G = GLg,(C). Let
V = C?, and let eq,..., e2, be its standard basis. Equip V with the symplectic
form w(e;, ezpy1—;) = 1 for 1 <4 < p, the remaining pairings being determined by
alternatingness and zero. Write

0 J . . RN
Q= (Jp 0’3)7 Gx =Spy, = G, Ox(g) =27 '(s")'Q,

where J, is the reversing matrix of size p. The induced involution on § gives
§ = gx @ pap, with gx = g% and py, = 7. If 7(A) = J,AJ,, then
0 A B\ [(-r(D) r(B)
*\¢ b))\ rC) —r))"
Let B be the lower triangular Borel, U its unipotent radical, and T the diagonal
torus. These subgroups are fx-stable. Put Ux = UNGx = U% and 1ix = Lie(Ux).
Let B~ be the opposite Borel and U~ its unipotent radjcal. Write V. = W; & Wy, for
the two coordinate subspaces of dimension p. Let P 2 B be the parabolic stabilizing
W, let Up be its unipotent radical, and let K = GL,, x GL,, be its Levi subgroup

preserving W7 and Wo.
Using the weighted matrices fixed above, define

e = <€Op e(l) , f= (180 ng) = foups h=le, f].

Then (e, h, f) is a principal sly-triple in € = Lie(K). The element h is the differential
of the cocharacter diag(p, 7;,), which is the sum of the positive coroots of K. The
block formula for 6x shows that e, f € pa, and hence h € gx. Consequently,
[f, N pap] € 6N dx = b,

Lemma 3.7.1. The map ady : N pop — bO% is injective.

Proof. If x € 0N py, satisfies [f,z] = 0, then its image under the projection = :
Lie(P) — & does the same. But 7(z) belongs to N € and f € it~ N € is a regular
nilpotent in £, so 7(z) = 0. Therefore = € Lie(Up).

We have a P-equivariant isomorphism Lie(Up) =~ Hom(V /W3, W5) and therefore
an K-equivariant isomorphism Lie(Up) ~ Hom(Wi,W3). Let Ko C K be the
diagonal subgroup. Then W; ~ W, as Ka-modules, and Lie(Up) is isomorphic to
the adjoint representation of Ka. Observe that f € £ is principal nilpotent in
this reductive subalgebra. Hence its centralizer is spanned by its powers. Thus the
kernel of ad on Lie(Up) consists of matrices

z= (g 8) . HC=Cfy

where C € C|[f,] is upper triangular and constant along each diagonal. But then
r(C) = J,C"J, = C, so z is fx-invariant. Since x € pap, we conclude that x = 0. O

Now we will construct a complement to the image ad (11N pgy,) in 6. We have
the moment map V x V* — g%. Using the trace form, we identify gx with §%.
We also use w — w(w, —) to make the Gx-equivariant identification V ~ V*. We
obtain a Gx-equivariant symmetric bilinear pairing

(21) B(v,w) € §x, Blv,w)(z) = %(w(w,z)v +w(v,z)w).
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We define a map i : V. — gx by i(w) = B(egp,w). Since ey, is U-invariant, i is
Ux-equivariant. The map i is injective, because /8 identifies Sym2 V with gx. Let
v = i(V) be its image. It is a Ux-stable subspace of gx and consists of the fx-fixed
matrices supported in the first column and last row. In particular, o C b%.

Lemma 3.7.2. v N [f, 1N pyy] = 0.
Proof. Write

(& %Y cun
T=\e ) SR

where A is strictly lower triangular and 7(C) = —C. Suppose [f,z] € v. Its
upper-left block is supported in the first column, say [f,, A] = dei, where ¢, =
(1,0,...,0)* € CP. For 0 < k < p,

0= tr(fy[fps A)) = e} fd = dys1.

Hence [fp,A] = 0 and A = 0. The lower-left block [f,, C| is supported in its first
column and last row, so Cqy14 = Cgp—1 for a < p and b > 1. Thus C is constant
along each diagonal, which implies r(C) = C. Together with 7(C) = —C this gives
C=0. (I

Corollary 3.7.3. b% =0 @ [f,1Npay).

Proof. By Lemma 3.7.2, it now suffices to count dimensions. On one hand,

dim B — dim gx + rank gx _ p(2p+1)+p _
2 2

On the other hand, by the injectivity of ad; on 1t N py, and the injectivity of 1,
we have dimv = 2p and dim[f, 1t N pgp] = dim(t N pgy). In the block form of
Lemma 3.7.2, the strictly lower triangular block A contributes p(p — 1)/2 parame-

p2+p.

ters. The condition r(C) = —C says that J,C is skew-symmetric, so C contributes
another p(p — 1)/2 parameters. Thus
dim(iNpsp) =p(p—1),  2p+pp—1)=p* +p. O

3.7.2. Construction of the slice. Let 6 = ¢ — p. In what follows, we need to make
use of the Levi subgroup and subalgebra given by the block embeddings

GLyy x GLs = (GEQT’ G()L(S) ca,

_ (9k 0
g[2p 699[6 - ( OP g[5> c g[N7
with the d-block omitted when § = 0. Let Gx = Spy, € GLgy, and gx = Lie(GX).
We use the involution 0x of GLy, defining Gx = GLg;; and the Cartan decompo-

sition g[2p = gx @ pop introduced above. Here ng =Un IV&, and ng is the lower
triangular subalgebra of the 2p-block. The subgroup Ux C U is defined by
T Thx > u 0
Ux =U,, C U, u»—><0 Ig)'
The construction of §, , is uniform for p < ¢. Put

8pp = b2y N py, 85 = Zgi,(es),
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where 8; is defined for 6 > 0 and its summand is omitted when § = 0. We regard
these as subspaces of gly through the block embeddings above. Let

Vg,q:{xEQ[N txap =01if a < N or b > 2p}.
We define
Sp’q = ngl) ® 86 ©® V27q7 Zp,q = fpvq + Sp,q~

When § = 0, the slice has the following alternative description. Put Avy, =
(1 + 6x)/2. This projection identifies V9  with v: its image lies in v, and it is
injective on last-row matrices, because 0x carries the last row to the first column,
whose intersection with that row is spanned by the 6x-fixed matrix Eg, ;. Since

both spaces have dimension 2p, the image is all of v. For w € V?

».ps We have
;

w— Avg, (w) = 3(w — Ox(w)) € Sg,p.
The same injectivity gives 89 ' NVY = 0. Consequently,
(22) Spp = Sg,p ® Vg-,p = Sg-,p Do.

For § > 0, let £1,...,e5 be the standard basis of C° and set E = egpel. The
matrices in ¥, ; have the form

A E .
28) (650 fs+ S> » AT +Sg,p7 ce (C¥?)*, ses;s.

Since Ux fixes e2p, this description shows that X, ; is Ux-stable when § > 0. For
6 = 0, this follows from the stability of v and Adg, (fpp) — fpp € 8,

Example 3.7.4. Consider the case p = ¢ = 2. We have § = 0 and

a 0 0O 0O 0 0 O
b ¢ 00 0O 0 0 0O
0 _ . 0 _ C
82,2* U 0 c 0 .a,b,c,ueC ) V2727 0 0 0 0 .ZL’ZGC
0 —u b a Ty X2 T3 T4
Hence
a 0 0 O
b ¢ 0 0
890 = 0 ¢ 0 ca,b,c,u,v; € C p |

and therefore

a 1 0 0
b
Yoo = fa2+822= 8 2 (1) ta,b,c,u,v; € C

We have

:067/8777"760

IS @R ~
=2~ O
= O O

_—o0 o o

b—ay —a«
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3.7.3. Proof of the generalized Kostant theorem. In this section we establish the
generalized Kostant theorem:

Theorem 3.7.5. For 1 < p < q, the action map
U x Ypg — b+ o> (u, ) — Ady (),

induces an isomorphism

- U ~ N

Ux"XE,, — b+ fpg

It will be convenient to slightly reformulate Theorem 3.7.5. Put
:Pp = exp(ﬁQp N p2p)'

Multiplication is an isomorphism P, x Ux — ng: for u € ng, its inverse is
(24) a = exp(3 log(ubx (u) ™)), k=altu.

Indeed, 0x(a) = a~! and 6x (k) = k. Conversely, a factorization u = ak with a € P,
and k € Ux forces a® = ubfx(u)~', so is unique. Exponential and logarithm are
polynomial on these nilpotent and unipotent matrices. Let 7 : U — ng be the
natural upper-left block projection, and put

Cpqg =71 (Pp), tpq = T1Cpq-
Applying the factorization (24) to 7(u) gives polynomial isomorphisms
(25) Cpq x Ux > T, Cp g = kerm x (ligp NPa2p)-
Thus C, 4 is an affine transversal, and 1t = ¢, 4 © tix.

Example 3.7.6. Consider the case p = ¢ = 2. We have

0O 0 0 O 1 0 00

. 0 0 O 1 0 0
cQ,2:u4ﬂp4= : 0 0 0 ZT,SEC y 02722?2: Z 0 10 I’I“,SEC

0 —s r O 0 —s r 1

The first factorization in (25) identifies U xUx Ypq =2 Cpq x By 4. Hence Theo-
rem 3.7.5 will follow from the next proposition.

Proposition 3.7.7. The action map
a:Cpg X py —> b+ fra (¢, ) — Ad.(z),
s an isomorphism.

The proof will follow from the following observations:

(i) The map a is étale at (1, fp.q)-
(ii) In affine coordinates centered at (1, f,,) and f,,, the map a intertwines
positive linear G,,-actions.

These assertions imply that a is an isomorphism by the polynomial inverse argument
given below.



RELATIVE LANGLANDS DUALITY FOR LINEAR PERIODS 23

3.7.4. Proof of (i). The following assertion follows by differentiating the action
map.

Lemma 3.7.8. The differential of a at (1, fpq) is
da:cp, ®8pq — b, (x,y) — [z, fp.q] + -
Proof. A direct computation. O
Therefore, (i) can be reframed as follows.
Lemma 3.7.9. The map [fpq, —]: ¢p.qg = b is injective, and

b= [fp.95 €p,q] © Sp.q-

Proof. We deduce the assertion from the next two lemmas, which give the equality
of dimensions and the trivial intersection, respectively. (]

Lemma 3.7.10. dimb = dim¢, , + dim$§, ,.
Proof. We have

N(N -1
dime, , = %—pa dim 8, , = p° +6+2p =p> + N.
Their sum is N(N + 1)/2. O

Lemma 3.7.11. If§ € ¢4 and [fpq.&] € 8p g, then &€ =0.

Proof. We assume first that § > 0. With E = eg,e! as above, write

_(fop E _(z O
fp,q_(%p f5>7 §_<y Z)’

where = € liop N Pap, ¥y € Ms 2p, and z € 115. The hypothesis gives

(f o] = <[fp,p,x] +Ey Ez—-=zE ) _ (a 0)
P fsy—yfpp [fs.2] —yE v b)’
where a € 89

p.pe 0 € S5, and v is supported in its last row.
We project the first condition [f, p,z] + Ey = a to the x = 1 and 0x = —1
eigenspaces in gl,,. Since a € pg, and [f,,, 2] € §x, we obtain

[fppr ] + Avey (Ey) =0,  $(Ey — 0x(Ey)) = a.

In the first equation, = € g, Npa, and Avg, (Ey) € Avg, (V) ) = v. Lemmas 3.7.2
and 3.7.1 therefore give x = 0 and Avy, (Ey) = 0. The projection Avy, is injective
on last-row matrices: fx carries the last row to the first column, whose intersection
with that row is spanned by the x-fixed matrix Egp, 1. Hence Ey = 0, so the first
row of y vanishes.

Now we take up the equation fsy —yf, , = v. It asserts that the first 6 — 1 rows
of the left hand side vanish. If § = 1, the vanishing of the first row of y already
gives y = 0. For § > 1, given a vector t € C%, we use the notation

t1 tq ta
t=|:1, tt=| |, t=]:
ts ts—1 ts
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Ifyr,...,y2p € C? are the columns of y, then

=t ).
i = (© i Y 0w o Yap
PP 0o * .- * 0 * * ’

with empty column ranges omitted when p = 1. Discarding the final rows and
equating the resulting matrices yields the following system:

yi =0, y; =y, (2<j<p),
Ypr1 =0, y; =y, (p+2<j<2p)

Since the first row of y is zero, y; = 0 implies y; = 0. Thus y;” = 0, and repeating
this argument along the first chain gives y; = --- = y, = 0. The induction begins
again from y,,; = 0 and results in yp11 = --- = yzp = 0. Thus y = 0 in all
cases. The lower-right block now gives [fs, 2] = b € 85. The differential at (1, fs) of
Kostant’s isomorphism implies that z = 0. This completes the proof when § > 0.
When § = 0, we have £ € ¢, , = ligp N Pap and [fp . & € Sg)p @ v. Since the
commutator belongs to gx and Sgyp C pap, it belongs to v. Lemma 3.7.2 gives
[fp.p,€&] =0, and Lemma 3.7.1 then gives £ = 0. O

Proof of (ii) and Proposition 3.7.7. The preceding lemmas establish (i). Let 7y act
on Cp 4 by conjugation and on the affine matrix spaces by z +— t* Ad 2. On
the first 2p coordinates, Ty differs from 7, by a scalar, so it preserves P, and
Cp.¢- In the coordinates ker m x (g, N p2p) all weights are positive: the weights of
conjugation on strictly lower triangular matrix entries are 2(a — b) > 0 for a > b.
The matrix f, , is fixed, while all weights on b are 2 + 2(a — b) > 0 for a > b. The
subspace 8, 4 is stable: its first block and last-row summand are stable, and, when
>0, elg has weight 2k + 2 under the affine action. Thus the source and target
are affine spaces with positive linear actions in coordinates centered at (1, f, 4) and
fp.q» respectively. The map a is equivariant. This proves (ii).

To conclude, use these affine coordinates on C,, , x ¥, , and b+ f, ,. The actions
are positive and linear, and da, ) is an isomorphism. After an equivariant
linear change of coordinates, the pullback of a coordinate of weight d is itself plus a
polynomial in coordinates of weights strictly less than d. Induction on the weights
constructs a polynomial inverse to a. ([

For comparison with the grading on the Whittaker space, recall ¢ = diag(7y, 74)
and the cocharacter from (16):

(26) ~(t) = 7'13(15)27'1\1@)_1 = diag(7,(t), 74(t)) diag(tL,, t~P1,).

Conjugation by ~ preserves Ux and Cp,g, and = — 12 Ad, ) = preserves ¥, , and
fixes fp 4. Indeed, the first 2p entries of v form a cocharacter of Gx, and its
last ¢ entries are 75. The normal-form isomorphism of Theorem 3.7.5 is therefore
equivariant for this action as well. The equivariance required in Theorem 3.6.1 is
for (26); 7w is used in the contraction argument.
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3.8. Lagrangian correspondence. We consider the case p = ¢ > 1, with the
notation of Section 3.7. Recall that we use the trace form to make the equivariant
identifications §* ~ g and g% ~ gx. Put f = f, , and vp = ezp. The restriction of
f to 1t is dypz. We use the Whittaker space
T, (G/U) =G xY (b+ f).

With the convention (g, z) ~ (gh™!, hz), the moment map for the right action on
T*G is —€|g, so this is the reduction at —di.

We now consider the Hamiltonian G-variety M = T*X, where X = G xOx V ~

(v}/v(v}x x V. Let 29 = [1,v0] € X. The twisted conormal to the G-orbit through
(1U,z0) in (G/U) x X gives a correspondence

g
N
T;;,K(G/U) T*X.

Letting GX,vo C Gx denote the stabilizer of vy and w o T*X — g* denote the
moment map, we have

Foo=T:XNp 6+ ), £=CGxUCGxwp,
with pi([g,n]) = [g, u(n)] and pa([g,n]) = gn. We observe that UN Gx ., = UN
Gx = Ux, since vy is already U-invariant. Moreover, f € py, implies dipi|a, = 0,
and hence ¢|y, = 0; this is the stabilizer condition for the twisted conormal
construction.

We can write T; X ~ (§/§x)* x {vo} x V*. Using w, we identify V* ~ V. The
trace form is fx-invariant, and thus identifies (§/§x)* with pap. In these trace-
orthogonal coordinates,

T*X ~ G X% (py, x VX V), u([g, A, v,w]) = Ady(A + B(v, w)),
where i(w) = B(vp,w) is the map of the preceding subsection. Recall the affine
space 8§ =X, , = f+8,, in (22). Since i(V) C b N gx, the preimage of b + f in
15, X is
(64 f)Npap) x {vo} x V8, (A, v, w) — A+ i(w).

Our correspondence becomes

G xUx g
(27) o T
GxY(b+7) G xG% (pg, X V X V).

The right arrow sends [g, A + i(w)] to [g, A, vo, w]. Identifying G xUx § ~ G xY
(U xUx 8), we see that p; is induced from the action map a : U xUx § — b+ f,
which is an isomorphism by Theorem 3.7.5, applied with ¢ = p. We conclude that
p1 is an isomorphism.

Lemma 3.8.1. dim T}, (G/U) = dim T*(G x%x V).

Proof. Equivalently, we claim that dim Gx = dim U+dim V. Since dimV = dim T,
we are claiming that dim Gx = dim B. Indeed, both dimensions are p(2p +1). O
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The correspondence is Lagrangian. Indeed, the two maps from G x Fg,

(9,m) — (g, 0(n)) € T*G,  (g,m) — gn € T'X
have equal pullbacks of the Liouville forms: on a tangent vector with G-component

ga, both evaluate as (11(n), a). Differentiating and descending gives pfwT:b (&0 =
K

pswr=x; the dimension equality proves the assertion. Hence j = pgpfl preserves
the symplectic forms and is a morphism of smooth varieties of the same dimension,
so it is étale. It follows that po is étale.

3.8.1. Big open image. We shall show that ps in the Lagrangian correspondence (27)
is an open immersion and is surjective up to a closed subvariety of codimension at
least two. o i}
Writing G xUx § ~ G x%x (Gx xUx §), we see that py is induced from a map
GXXUXS—>p2pr><V.
To simplify notation, write
‘IO = (f+5)ﬂp2p, ‘I:‘IO X {’Uo}.
Then 8 ~ T x V, and the V factors just come along for the ride: under the isomor-
phism

Gx xUX (Tx V) 2 (Gx xTXT)x V, [k, t,w] — ([k, 1], kw),
the map becomes ¢ x idy, where
q:Gx XU T —poy x V, [k, (A, v0)] — (Adg A, k).

Because p, is étale, the same is true of ¢, as may be checked after the smooth

surjective base change G — G/Gx. Moreover, to show that p, is an open immersion

with complement of codimension at least two, it suffices to show the same of q.
Our first step is to show that ¢ is an open immersion.

Lemma 3.8.2. ¢ is an open immersion.

Proof. Because q is étale, it suffices to show that it is injective on geometric points.
Put Eg = 0 and

E; = (e2p,€2p—1,...,€2p—i11) (1<i<p).

For A € (b + f) N payp, the prescribed superdiagonal entries give A'lvy = egp it
(mod E;_1). Suppose that [k, (A,v)] and [k, (A’,vo)] have the same image (z,v).
Both k and &’ carry E; to (v, zv, ..., 2" tv), with the same normalized generators on
the successive quotients. Thus k™ 'k’ preserves this isotropic flag and acts trivially
on its graded pieces. Since it is symplectic, it also preserves the dual flag and
acts trivially on its graded pieces. Hence k~'k' € Un Gx = Ux, so the two
associated-bundle points coincide. The argument works over every algebraically
closed extension of C. Thus ¢ is universally injective and étale, and therefore an
open immersion. O

Our next step is to show that ¢ is surjective up to a closed subvariety of codimen-
sion at least two. Since 0 € V has codimension 2p > 2, we may replace V by V\ {0}.
But Gx acts transitively on V\ {0}. Letting Gx_,, denote the stabilizer of vy in Gx,
we see that it suffices to show that the action map Gx v, % ((b+ f) Npap) — P2y
is surjective up to a codimension at least two subvariety. To this end, define
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£ : po, — Z by setting ¢(z) to be the dimension of the subspace V, spanned by
v 1= vg, xv, v, . ... It is clear that the fibers of £ are locally closed subvarieties of

p2p~

Lemma 3.8.3. Let x € pa, and w € V. The subspace spanned by z'w fori > 0 is
isotropic.

Proof. We have w(z'w, z/w) = w(w, z"w) = w(x/w, z'w) by the self-adjointness
of x. But w(x'w,v/w) = —w(z/w, r'w), since w is alternating. So w(xw, viw) =
0. [

Lemma 3.8.4. The bound ((z) < p holds for x € ps,. Moreover, it is attained
over an open dense subvariety of pap.

Proof. By Lemma 3.8.3, the subspace V, is isotropic. So ¢(z) = dimV, <
dimV/2 = p. Therefore £~1(p) is open. It is nonempty because £(f) = p. The
density follows from the irreducibility of pa,. (I

Let U := £~ 1(p) be the dense open subvariety of Lemma 3.8.4.

Lemma 3.8.5. Let'V be a symplectic vector space of dimension 2p and let0 < i < p.
Then the variety Gry of i-dimensional isotropic subspaces W C 'V has dimension

dim Gry’ —i<2p— Ll 1) .

2

Proof. The case ¢ = 0 is immediate. Let FI¥ denote the variety of isotropic flags in
V of height i. There is a smooth surjection FI¢’ — Gry whose fiber over W is the
variety FI(W) of complete flags in W. Hence
dim Gr¢ = dim FI¥ — dim FI(W).
Recall that dim FI(W) = i(i — 1)/2. The natural map FI¥ — FI¥_; has fiber over
W, isomorphic to P(W;-,/W;_1), of dimension 2p — 2(i — 1) — 1. So
i—1

dimFI = "(2p —2j — 1) = (2p — i)i.
=0

Therefore

(i — 1 1
dimGr;*’:(Qp—i)i—Z(Z2 ):i<2p—312 )

Lemma 3.8.6. For 1 <i < p, we have
codimy,, £71(i) = 2(p — ).
In particular, dim £~ (i) < dimpa, — 2 for i < p.

Proof. Let Y be the variety of isotropic subspaces of V of dimension i containing
v. There is a map 7 : £~1(i) — Y taking  to V,. This map is surjective. In-
deed, suppose that W is any such subspace. We may choose a symplectic basis
v1,...,V2p = v such that W is spanned by vap, ..., v2p—i+1. Let x operate on V by
2v; =vj_1 for j > 2p—i+2o0r 2 <j <4, and xv; = 0 otherwise. Then x € pyp,
x € £71(i), and m(z) = W.
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Now we compute dimY. Let L be the span of v. Then isotropic i-planes W
containing L correspond to isotropic (i — 1)-planes W/L in the symplectic vector
space L+ /L, of dimension 2p — 2. By Lemma 3.8.5,

3(i—1)— 1) _ (i—1)(4p —3i)
2 2 '

Fix W € Y and consider the fiber 7=}(W). Since x preserves W and is self-adjoint,
it operates on W and W+ /W. The symplectic form descends to W-/W, and the
action of x is self-adjoint with respect to it. Let pyw. ,w be the space of these
endomorphisms. We get a map

n:n (W) — gly X pwew-
Since dim(W+ /W) = 2(p — i), the base has dimension

dimY =(:—-1) (2p—2—

2
dim gly, + dim py = i* + dim A\ (W*/W)* =i + (p — i) (2(p — i) — 1).

Fix 21 € glyy and 22 € pw1 /w. The image of 7 consists of all such pairs for which v
generates W under z;. This is an open condition on 1, so the image is open. Now
consider a nonempty fiber ! (21, 22). Let Py € G be the stabilizer of the flag
W C W+, let Uw be its unipotent radical, and put uy = Lie(Uw). Then uw Npay
operates on the fiber by translation, making it a uw N pap,-torsor. In a symplectic
decomposition V=W & E @ W*| its free blocks are an arbitrary W ® E block and
an alternating W ® W block. Thus

ii-1)

d ;= dim(uw N pgp) =2i(p—1i)+

2
Putting it all together,
1) (4 — 3i
dim 01 (i) = w +i2+(p—-i)2p—i) - 1) +d
= 2% — 3p + 2i.

By comparison, dim py, = dim /\2 V* = 2p? — p. So the desired codimension is
codimy, ¢'(i) = (2p* — p) — (2p* — 3p + 2i) = 2(p — 9),
which is at least two when i < p. (]

Corollary 3.8.7. The complement of the open subvariety W = £=*(p) in pay, has
codimension at least two.

Proof. The complement ps, \ U is the union of the subvarieties (i) for 1 <i < p,
so the claim follows from Lemma 3.8.6. For p = 1 the complement is empty. O

Lemma 3.8.8. Fveryx € U is conjugate under GX!UO to an element 0f(5+f)ﬂp2p.

Proof. Since x € U, the vectors vy, := vg,V2p—1 = TV, ..., Vpt1 = TP~ lyy span
a Lagrangian subspace W. By Lemma 3.8.3 and the maximality of W, we have
xPvg € W. Hence W is z-stable and x operates on V/W. The form w induces a
perfect pairing W x V/W — C. Choose a Lagrangian complement to W and its
basis v1, ..., v, such that w(v;, vapt1—;) = ;5. Then there exists a unique k € Gx
such that ke; = v;. Since kesp = vy = eg;,, we have k € (V}Xﬂ)o.

In this basis the lower-right block D of k~!xk has ones on its superdiagonal and
zeros above it. The upper-right block is zero because W is stable. Self-adjointness
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makes the upper-left block J,D'J,, with the same superdiagonal pattern. All re-
maining entries lie on or below the diagonal. Thus k~'zk € b + f. O
Corollary 3.8.9. The image of the action map q : Gx xUx T pop X V is

Ueye = {(z,v) : v, 20, ... , 2P~ Y are linearly independent}.
The complement of its image has codimension two.

Proof. The prescribed superdiagonal entries give img C Ucyc. The reverse in-
clusion follows from the preceding lemma and the transitivity of Gx on V \ {0}.
Over nonzero v, the stratum of cyclic dimension ¢ has codimension 2(p — i) by
Lemma 3.8.6; the locus v = 0 has codimension 2p. For p > 2, the nonempty stra-
tum ¢ = p — 1 has codimension two. For p = 1, the complement is ps, x {0}, again
of codimension two. (]

Putting things together, we get:

Proposition 3.8.10. The the action map q : Gx xUx 7 pop X V is an open
immersion and is surjective up to a closed subvariety of codimension at least two.

3.9. Proof of Theorem 3.6.1. When p = ¢, Proposition 3.8.10 implies that the
Lagrangian correspondence gives an open embedding

j=popy': Ty, (G/U) — M
whose complement has codimension two. The construction is G x G,,-equivariant
for the grading fixed in Section 3.4. Hartogs’ principle therefore gives the desired
isomorphism of affine closures.

_ Now assume p < g, avmnd put 8§ =q—p>0. Recall that G = GLx, N = p + ¢,
Gx = Sp2p, and Ux = Gx NU. The same slices are

To = (fp,p + b2p) NP2y, T =To x {vo}, Vo = €2p,
and we use 85 = Zg(,(es5). By Theorem 3.7.5,
T:;)K(G/U) ~ G xUx Yp.gs Ypa = Jpa T Spa

On the other hand, the block description (14) gives a natural inclusion

Ypq =T x V" x 8 — Zs,

Zs > (pap X V) x V* x 85.
It induces a map
j: T;’LK(G/U) ~ G xUx Y, =G x Gx (Gx xUx Yq) — G x % 25 ~ M.
We claim that j is a G x G,,-equivariant open embedding with codimension two
complement. Hartogs’ principle then gives
Proof of the claim. It suffices to consider the action map
(28) Gx xUx %, , — 2.
The Gx-action on Zj is
h-(A,b,c,s) = (Ady A, hb,ch™, s).
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Consequently, there is a product identification
Gx xUx %, . 5 (Gx xUX T) x V* x 85,
[h, (A, v, ¢, 8)] — ([h, (A, v0)],ch™1, 8)
Under this identification, the action map (28) is
q x idy+ x idg, : (Gx xUX T) x V* x 85 —> (pap X V) x V* x 85,

where ¢ is the map in Proposition 3.8.10. Since ¢ is an open embedding with
codimension two complement, the same is therefore true for (28), and hence for j.
This proves the claim.

4. MAIN RESULTS

4.1. Ext algebras. Let ICy ) € Ind(D%, ,(Gr)) be the regular perverse sheaf

on Gr: the algebra ind-object corresponding to the regular representation O(G) of
G under the geometric Satake equivalence (7). The de-equivariantized Ext alge-
bras for the complex, real and relative Satake categories are the dg-algebras A =
0 100 0 100
RHomInd(D§:+G(GT(;))(IC ,IC * ICO(G))? AR = RHomInd(Di«#GR (GTR)) (ICR7 ICR *
ICy(@)), and Ax = RHomy,qpe . (SX))(IC%, IC%*ICO(G)), respectively. Note that
~ < G ~
we have a residual G-action on A (resp. Agr, Ax) coming from the right G-action on
O(G) and a natural G-equivariant dg algebra maps A — Ar and A — Ax induced
from the Hecke action. It follows from derived Satake equivalence for G [BF] that
A is formal , that is, it is isomorphic to its cohomology algebra H*(A) with trivial

differentials. Moreover, there is a G x G,,-equivariant isomorphism H*(A) = O(§*)
where G x G,,-acts on §* by (g,t)(v) = t?Ad,(v).

Theorem 4.1.1. (1) There is a G-equivariant isomorphism Ar = Ax of dg-
algebras. Moreover, dg-algebra Ar = Ax is formal, that is, it is isomorphic to its
cohomology algebra H*(Agr) = H*(Ax) with trivial differentials.

(2) There is G x G,,-equivariant isomorphism H*(AR) = H*(Ax)
O(g*)-algebras.

1%

OM) of

Proof. Part (1) is proved in [CN, Theorem 13.4] using the pointwise purity of IC%
in [CY, Theorem 81]. Proof of (2). According to [Gi, (3.1.5)] or [C, Lemma 4.2]°
we have a G-equivariant isomorphism of dg-algebras

H*(Ax) = Ethnd(D;m(}:X))(ICgo IC% *1C () = Hic (Gric, ik1Co )

where tx : Grg — Grg is natural inclusion map. On the other hand, [M, Theorem
1.5.2] and [Gi, Corollary 3.1.6], together with Proposition 3.5.1, identify this algebra
with O(T7, (G/U)) over O(§"). Now the claim follows from Theorem 3.6.1.

([l
Introduce the non-equivaraint dg extension algebra Ax = RHomy,q(pb (Grg)) (IC%, ICK *

2In loc. cit., the setting is for twisted loop groups but the same argument applies to the
un-twisted setting.
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Theorem 4.1.2. (1) The dg algebra AR is formal.
(2) There is a G, -equivaraint isomorphism H* (AR ) = O(Xl\f/l1 (0)) = O(GLyyqx5P2r

Spa,)
Proof. (1) Note that there are isomorphisms of dg algebras
AR = RHom(ICR, ¥(ICy () = RHom (ICR, p.IC o)) = RHom (p*ICR, IC ¢;)) =

(a)
=~ RHom (tk+Caye» IC o)) = RT(Gr, 1IC ))-

Here p : Gr — Grg is the specialization map such that p, = : D%(Gr) — D4%(Grgr)
(see, e.g., [CMNO, Lemma 4.8]) and (a) follows from the observation that p=1(t°) =
Grg. Since LIKICO(G) is |-pure with respect to the Iwahori stratification on Grg, by
[BY, Lemma 3.1.5], the cohomology group H!(Grg, L!KICO(G)) is pure of weight ¢,
and the formality of RT'(Grk, LIKICO(C)) follows from the general criterion in [BF].

(2) Taking G-invariants in the proof of Theorem 4.1.1(2) gives Hi (pt) = O(M)%

as graded augmented algebras: the right regular invariants of O(G) are the con-
stants. By [M, Proposition 2.1.1 and Remark 2.1.2], the complex L!KICO(G) is
equivariantly formal. Hence we obtain isomorphisms

H* (Ai{) = H*(GYK, ["KICO(G)) = H%(GI‘K, [“KICO(G)) ®H;‘<(pt) C =

= O(M) @giya) C = O(xg' (0) = O(GLy g x5P20 Ny, ).

D

O

4.2. Relative duality for linear periods and derived Satake for U(p,q). Let
QCth(M) be the dg category of G-quasi-coherent complexes on the dual variety

M. Let QCoh®(M)/ be sheared category with respect to the G,,-action on M.
According to Proposition 3.2.2; we have

(29) QCoh®(M)7 = QCoh®P2r (\2A%P[2] x T*A%[q —p + 1] x gl}_,[2] / GL,_,).

Here for a finite dimensional vector space V and an integer d, we denote by V[d]
the dg scheme with ring of functions the dg algebra Sym™((II¢V)*[—d]) with trivial
differentials, where II?V is the super vector space V with parity equal to d mod 2.

Denote by QCth(l\v/[)j/\fg* the full subcategory consisting of complexes set the-
oretically supported on the pre-image of the nilpotent cone p~!(Ng«) under the
moment map p : M — §*. It follows from Lemma 3.3.2 that the above equivalence
restricts to an equivalence

QCoh® (M) | = QCoh™ (\A%[2] x T*A™[q —p+ 1] x gl [2] / GLep),

Sp2p

where the right hand side is the full-subcategory consisting of complexes supported
on

Spy, X 10} C (A2AP[2] x T*A[q —p +1]) x (g15_,[2] / GLq—p)

where Ny, is the exotic nilpotent cone for Sp,, in Section 3.3.
P

3In particular, if d is odd, then II4V is an odd vector space and Sym* ((II%V)*[—d]) is isomorphic
to the symmetric algebra with generators in V* in degree d.
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Denote by Perf® (M)/ =2 PerfSPor (A2A2P[2] x T*A2P[q—p+1] x ol ,[2] ) GLg—p)
and PerfS (MY 2 Pert 2 (A2ZAZ[2] x T*A%[q — p+1] x gl;_,[2] / GLy—p)xy,,
be full subcategory of compact objects consisting of perfect complexes.

Theorem 4.2.1. (1) There is an equivalence of dg categories
Ind(®°) : Ind(D4- .0 (Cru(pg)) = QCohE (N)/

& QLS (\2A[2] x T*A%[g — p + 1] % oll_,[2] J GLy )
compatible with the action of derived Satake equivalence Ind(D%.,(Grg)) =
QCoh“(§*[2]) on both sides. Moreover, it restricts to an equivalence

" : Dity(y,) (Gru(pg) = Perf (M)
= PerfSPa (\2AP[2] x T*AP g — p+ 1] % oll_,[2] J GLy )

on compact objects.
(2) There is an equivalence of dg categories

® : Dery(p) (Gru(p.g) = QCohS (MDY |
= QCoh®P2r (AZA%P[2] x T*A*[q — p+1] x gl;_,[2] / GLy—p)n:

Spap

compatible with the action of derived Satake equivalence D g+ (Grg) = QCth (8" [2)
on both sides. Moreover, it restricts to an equivalence

d° . D£+U(p,q)(Gl"U(p7q))c &~ Perf" (M)Ji\rg*
= Perfszp(/\QAQp 2] x T*A*[q — p+1] x glg_p[2] / GLg—p ), ,
P2p

on compact objects.
The same is true when Gryy, q) and £%U(p, q) are replaced by £X and £1G.

Proof. The same proof as in [CMNO, Theorem 5.5.] or [C, Theorem 4.8] in view
of Proposition 2.4.4 and the Theorem 4.1.1.
O

4.3. Coherent sheaves on exotic nilpotent cones. Consider the full-subcategory

D?£+U(p,q)}(GrU(p,q)) - Db(GrU(pﬂ))

consisting of complexes that are constructible with respect to the £7U(p, q)-orbits
stratification on Gryy,q). Let

QCoh 7 +1(GLyy 4 xP2r N,Sp2p>I
be the sheared dg-category of equivariant quasi-coherent complexes on the null-cone
Xl\_7[1 (0) = GL, 14 x5P2 Ngp, - It has a natural pushforward functor to QCoh® (M)Y.
Let Perf®rte(GLy4q x5P2r Ny, )/ € QCoh S 4(GLy1q x%P2 N, )/ be the
subcategory of compact objects.
Theorem 4.3.1. There is an equivalence of dg categories
Ind(D?mU(p,q)}(GTU(p,q))) 2 QCoh !4 (GLy g xP2r N/SPQP)/
which restricts to an equivalence

Df e+ U(pg)} (Crugg)) = Perf S0 (GL, g xP2 Ny, )/

P
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on compact objects.

Proof. The same proof as in [CMNO, Theorem 5.5.] or [C, Theorem 4.8] in view
of Proposition 2.4.4 and the Theorem 4.1.2.
(]

Remark 4.3.2. Unlike Theorem 4.2.1, we do not know an analogy of Theorem 4.3.1
in the setting of £X.

4.4. Abelian equivalences. Put § = ¢ —p, H = Gx = Spy,, V = A?P and
W =T*V =V @ V*. Consider the dg algebras with zero differential

A, = Sym” (/\QV[ @ (I°T'W) (8] @ @Al [2i — 1)

B, , = Sym* (AQV[ 2l @ (I°HW)[—6 — 1] @@Al 21).

Write 4 = A, 4, and B = B, ;. Our convention is that E[k] lies in cohomological
degree —k, and the symmetric algebras use the sign (—1)Y*<" for cohomological
degrees i, j and internal parities €,n. All modules are left modules. Their internal
parity is prescribed by the central element (—I)°*! € H; thus an independent parity
shift does not give additional simple objects.

The algebra 2l is finite-dimensional and nonpositive, while B is polynomial
with generators in strictly positive degrees and B° = C. Let D?d(%—mod) de-
note the category of equivariant dg modules with finite total cohomology, and let

Dyer f(‘B mod) be the thick subcategory generated by B ® U for finite-dimensional
H-representations U. Using the H-equivariant self-dualities of A2V and W, Koszul
duality gives

L
K Dperf(%—mod) = D 2(A—mod), M+— C®g M,

where the derived fiber carries its Koszul 2-action; see [BFGT, Section 3.8]. Equiv-
alently, x is the inverse of N RHomg[((C N) under B ~ R Endgy (C)°P

The standard t-structure on D 4(A—mod) is bounded, with heart the finite-
dimensional H-equivariant H°(2()- moduleb. Hence
A*W—mod(Rep(H)), p=ygq,
Rep(H), p<gq
Recall from Theorem 4.2.1 the derived Satake equivalence
O : DYy (g (GTu(pg)) — Perf™ (A?V[2] x WIS + 1] x gl[2] / GLs) = Dy,

DY, (A—mod)? = {

perf (%—mod)
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Theorem 4.4.1. The composed equivalence
~ Spay,
kod: D%+U(p7q)(GrU(p,q)) — D}, (Ap,g—mod)

is t-exact for the perverse t-structure on the left and the standard t-structure on the
right. It induces an equivalence of abelian categories

/\*(T*AQP)—mod(Rep(SpQP)), p=q,
Rep(Sps,), p<gq.

Here modules and representations are finite-dimensional. The same holds for £X
with its £ G-action.

Perve+y(p,q) (Gru(p,q)) =

Proof. Let A € A} be a dominant real coweight, and let V* € Rep(Spy,) and ICx
be the corresponding irreducible representation and IC complex. It follows from
the construction that

PU(ICR) = B, © V7, k(B @ V) =V

Hence k o ®*(ICx) = V> lies in the standard heart. According to Proposi-
tion 2.4.4(1), the simple perverse sheaves are the IC%{. Since every object of the
perverse heart has finite length, x o ® sends this heart into the standard heart.
Both t-structures are bounded, so ko ®® is t-exact and induces an equivalence

S
Perv et y(p,q) (Gru(p,q) = ngz” (leyquod)v.

The theorem follows from the description of the heart above. The assertion for £X
follows from Proposition 2.4.5. a
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