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PART I:
INTRODUCTION

TALK 0: PRELIMINARIES  (Dylan Wilson)

This “lecture” is not one of the planned talks, but rather is based on Dylan’s answers to back-
ground questions, given during an informal questions seminar early in the workshop.

0.1. What is a spectrum? Here is a bad answer.

Definition 0.1. A spectrum is a sequence of spaces {X,} together with maps £X, —

X1

What is a map between these? A first guess is that a map between spectra is a bunch of
maps X,, — Y, making various diagrams commute, either strictly or up to homotopy.
There’s a way to make that work, but it kind of obscures what’s going on in the most
accessible example: stable maps between finite complexes. After all, whatever stable ho-
motopy theory is, it had better tell us that the stable maps §” — $° are computed as
colimr, ,S*. Taking X,, = £”§” and Y,, = §™ tells us that our first guess does not
produce this answer. (Exercise!)

Remark 0.2. If we take as our starting point that spectra should represent cohomology
theories, then the first guess is more reasonable, though there are still some subtleties
about the difference between the category of spectra and the category of cohomology
theories.

So what’s our next guess? Let X = {X,} and Y = {Y, } be spectra. What is the set of stable
maps, {X,Y}? You could say it’s colim[X,,Y, ], where, given X, — Y, , we suspend it
- but we only have X, |, < XX, - XY, — Y, ,sowedontgetamap X, , =Y, ,
which is what we need to form the colimit!

But what if X was very nice, say X = {E£"X,} = XX, (this is called a suspension
spectrum)? Then we could actually form this colimit, because I have the identity map
X,.1 =2X,. This idea of a map still doesn’t work, but for a more subtle reason: you can
define this category, but it turns out to be useless.

What’s the problem? If X, Y, are finite cell complexes, then it’s OK to take {£%° X, XY} =
colim[ X" X,,3"Y,]. In this case, one checks by adjunction that

(Z°X,,£°Y,} = colim[X,, "~ Y,].
Since Xj is a finite complex (and in particular compact) we can rewrite this last bit as
colim[ X, V" E"Y,] = [X,, colim Q3" Y, ].

10



When X is not compact, not every map X, — colim”>"Y}, is defined at some finite
stage. Whatever our definition is for maps between spectra, it should specialize to

{E%°X,, XY} 2 [X,, colim Q" 2" Y]

in the case of suspension spectra. The intuition here is that a spectrum is supposed to be
a sort of colimit of all this data X = {X}, although that’s not really precise. A precise
statement, if we know what a homotopy colimit is, would be that we want:

X =hocolimX7"X*X .

This essentially forces the definition of maps between spectra in general.

The idea behind the different (and correct) definition is that everything should be a filtered
colimit of its finite subcomplexes. Now I’ll just take an arbitrary sequence, and think of
just the finite subcomplexes in there. And I know what maps are between those. For
maps in general, I have to do one of these limit-colimit things, i.e., choose a map for
every finite subcomplex that’s compatible. If you do this, then you get the right answer
for stable phenomena that we already knew about. (Except that I haven’t mentioned how
to deal with ‘non-connective’ phenomena, but that can be another day...)

The miracle is that this method of looking at stable phenomena makes it into an additive
world. It’s as if stabilization and abelianization are relatedl..

Remark 0.3. In practice, we don’t really compute maps between spectra as some type
of limit of colimits. Instead, we observe that our very first guess wasn’t that far off:
for finite complexes, every stable map X, — Y, comes from compatible maps "X, —
XY, eventually. We can think of an ‘eventually defined’ map as a zig-zag of ‘levelwise
compatible maps’:

(X0 X5} = (5,5, 0y 1, DN X, SNFIXC L} 5 (Y, XY, 2V Y, 2N L,

where the left arrow is morally an equivalence. Now, for an arbitrary map of spectra
X — Y, it may not be the case that this even restricts to a map X,, — Y,,. Instead, the
map is only defined on some subcomplex X/ C X, . All together we have a zig-zag

(X} =X} = {7}

of ‘levelwise compatible maps’. Since each closed cell in X, is compact, the stable map is
eventually defined on some suspension =¥ of this cell (or rather, on its image in X, ,).
That means that every cell is ‘stably’ contained in X', and we declare the left arrow to be
an equivalence. Maps between (cellular) spectra can now be defined as homotopy classes
of zig-zags where the left arrow is one of these ‘cofinal inclusions’. This is the approach of
Boardman and Adams. Bonus useless fact: the whole (derived) mapping space map(X,Y’)
can be computed as the classifying space of the category of such zig-zags.

Remark 0.4. The definition of spectra as a sequence of spaces together with various maps
privileges the filtered category Z., above all others. This causes trouble later on: the
smash product of spectra {X, } and {Y,,} wants to be the data {X, A Y,,},.m» but that’s
not allowed since it’s indexed on a grid Z; X Z,. In our hearts, since we only care about

ISee Arpon’s talk, which is Talk 16.
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‘the limit’, we know we should be able to choose any sequence (74, 7,), (12, m,), ... with
(n;,m;) — (00, 00) and restrict attention to this sub-data. But now we’ve made a choice!
And we have to check the choice didn’t matter. Then we have to check that when we
smash together three things, the choices are suitably associative and commutative up to
homotopy. This is an endeavor, but ultimately do-able (see Adams’s blue book for a very
informative discussion that most people tell you to skip but I think you should read).

Later on, people cleverly replaced Z, with other indexing categories such as the cate-
gory of finite sets and injections (symmetric spectra) or the category of real inner prod-
uct spaces (orthogonal spectra) to make this step easier to handle before passage to the
homotopy category. In the latter case, the independence of ‘reindexing’ is elegantly en-
capsulated by the computation that the space of isometric embeddings R < R*> x R*
is contractible. A good reference for this story is Mandell-May-Schwede-Shipley ‘Model
categories of diagram spectra’. They discuss how to build spectra indexed on any suitable
category . with associated loop and suspension functors ¢, Q€ for C € 4.

Remark 0.5. One final point, for those who have thought about this a bit more. If we use
a different indexing category, we need to be sure we recover the correct homotopy type
for the zeroth space of a spectrum. More precisely, suppose we’re using spectra indexed
by .# and there is a canonical functor Z., — ¢ (e.g. » — R” and n < m maps to the
standard coordinate embedding, in the case of orthogonal spectra.) Then we’d better
check that the map

hocolimnZO "X, — hocolim 4 QCXC

is a weak equivalence.

When .# is the topological category of inner product spaces and isometric embeddings,
this is always the case because the inclusion Z., — & is homotopy cofinal. (Here it is
very important that we use topological categories, homotopy colimits, and say homotopy
cofinal, otherwise the statement is false!).

When .# is the category of finite sets and injections, the above map is 7ot always a weak
equivalence, and the corresponding cofinality claim is false. However, it turns out to be a
weak equivalence if the maps "X, — Q"+1X | are connected enough, by a theorem of
Bokstedt. For those familiar with the homotopy theory of symmetric spectra, this wrin-
kle is the reason you can’t always check a map of symmetric spectra is a weak equivalence
by computing stable homotopy groups, without a non-trivial cofibrancy condition.

0.2. What is BP? Recall the dual Steenrod algebra .¢/,. There’s a beautiful theorem of
Milnor, that says that, when p > 2:

o, Fp[£1’§25'":|®A(TO5T1"”)
where |&;| =2(p' —1).

You can ask the following question: is there some spectrum Y such that .Y ~F [}, &, ]?

12



Whatever this spectrum is, we built it by killing the 7;. In homotopy theory, nothing
ever really dies: if you kill a class, it lives on in the cell you used to kill it. So this spectrum
Y would know about some “secondary” phenomena related to the Tﬂ One of example
of a secondary operation you already know is the Bockstein.

What’s the Bockstein? We have a SES0 — Z/2 — Z/4 — Z/2 — 0. This means that I

have --- —» H*(—;Z/2) - H*(—Z/4) — H*(—Z/2) 2, H**(—Z/2)—---. This S is
the Bockstein. So if 3 of something is zero, I can lift that something to an element in
cohomology with Z/4-coefficients. Now, I have another SES0—Z/2 —>Z/8 - Z/4 —
0, and so I can use the Bockstein again to lift to something in Z/8-cohomology. (Notice,
though, that I made a choice. Such choices are the cause of great difficulty in utilizing
secondary and higher operations in practice.)

For those of you who know about Massey products, I can form F(HF,, HF ), which is
an A, -algebra. Any A -algebra gives Massey products, and Massey productsin F(HF ,, HF )
are secondary operations.

Anyway, this spectrum Y should, in theory, turn problems about secondary operations
into cohomological questions. The answer is yes, as answered by Brown and Peterson.
This spectrum is called BP in their honor.

Here’s a nice table, which I stole from Steve Wilson:

S| BP | HF
?!?! Z(p)[‘vl,‘vz,"'], |'Ul|:2(Pl_1) FP
easy (Fp) Fp[§1,52,---] annoying/harder .7,

P

77.'*(—)

*

Note that the v; are chosen noncanonically.

BP is so awesome; for instance, everything is concentrated in even degrees, so it’s complex
oriented. Thisgivesamap MU — BP. In particular, you get a formal group law over BP,;
what is this? It turns out that just like M U, is the Lazard ring classifying formal group
laws, the graded ring BP, classifies special types of formal group laws, that are called p-
typical formal group laws. Quillen proved this (in three different ways!). He was able
to construct BP using this idea, namely that over a Z ,)-algebra every formal group law
is p-typical (up to isomorphism). This gives a self-map of M U ,) known as the Quillen
idempotent, which we’ll discuss at some point.

TALK 1: OVERVIEW TALK  (Sarah Whitehouse)

2This means “invisible to algebra”. Suppose I'm in the cohomology of a space, and apply a primary operation
(composite of Steenrod squares), and I get zero. I must have gotten zero for some reason. The collection of all the
cohomology classes that die, each for their own special reason, conspire together to have a bit of extra structure:
a new operation which records their cause of death. This operation isn’t in the Steenrod algebra because the
Steenrod algebra acts on everything, not just dead things. This is the idea behind a secondary operation.
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This talk will have three parts:
e Overview of structured ring spectra
e What is this extra structure good for?

e How do we get structured objects and how can we tell how much structure we already
have?

1.1. History. Spectra were first introduced in the 50’s. The idea is to distill out stable
phenomena - independent of dimension. We’ve known how to define the stable homo-
topy category for a long time - that’s Boardman’s thesis in 1964. (Stable homotopy theory
was born in Warwick!) This is described in Adams’ blue book of Chicago lecture notes,
among other places.

There were some drawbacks; on the underlying point-set level spectra, you have a smash
product but it is only associative, commutative, and unital upon passage to the homotopy
category. It means you can’t do various constructions you want to do (e.g. categories of
module spectra) on the point-set level. There was a long search for a good point-set level
category in which to do stable homotopy theory. What are the key requirements? You
want a point-set level construction where A is associative, commutative, and unital; that
is a closed model category; and whose homotopy category is the one we’ve already agreed
is the stable homotopy category.

Theorem 1.1 (Lewis, 1991). There does not exist a category of spectra Sp such that:
(1) there is a symmetric monoidal smash product A,

(2) there is an adjunction £°° : Top, = Sp : 2,

(3) the sphere spectrum °°S° is a unit for A,

(4) 2 is colax monoidal (i.e. there is a map X°(X NY) — X°X NX®Y that’s natural
inX and),

(5) there is a natural weak equivalence Q°X®°X = lim Q72" X.

The point is that this is a rather modest-looking list of requirements.

In the late 90s and early 00s, we suddenly got a whole bunch of good model categories of
spectra:

e EKMM (Elmendort-Kriz-Mandell-May), 1997, S-modules .#
e HSS (Hovey-Shipley-Smith), 2000, symmetric spectra Sp>
e MMSS (Mandell-May-Schwede-Shipley), 2001, orthogonal spectra Sp°

These fail to satisfy the requirements in the theorem in different ways, and have different
advantages and disadvantages. All of these have a symmetric monoidal smash product,
and the sphere is a unit in all of them. For now, I'll stick with the model of S-modules.
There it’s (5) that fails, and so you’ll want to replace 2°° and X°° with other construc-
tions, but that causes (3) to fail.

14



Since we have a good A, we can define associative monoids in §-modules, a.k.a. S-algebras.
These correspond to what used to be called A, -ring spectra. We also have commutative
monoids in S-modules, called commutative S-algebras; these correspond to the older no-
tion of E_ -ring spectra. A is also known as E,. In between, there is a notion of E, -ring
spectra for each natural number 7. You should think of A, as homotopy associative up
to all higher coherences, and as you move up the E, ladder, you’re getting commutativ-
ity up to more and more higher coherences until you get E__, which means homotopy
associative and commutative up to all higher coherences.

1.2. Higher homotopy associativity and commutativity. Let’s go back to based, con-
nected spaces. The whole story starts with the space of based loops QX. Given three
loops a, b, ¢, we notice that a(b¢) and (a b )c aren’t the same, but they are homotopic (you
spend different amounts of time going around the various loops - a(b¢) spends half the
time on « and a quarter of the time on b and ¢ each, whereas (ab)c spends half the time
on ¢ and a quarter of the time on @ and b each). If I have a d as well, there are 5 ways of
associating them, and if you draw them in the right order

((ab)e)d

(ab)(cd) a(bc))d

a(bled))  a((be)d)

FIGURE 1. Stasheff pentagon

you get the “Stasheff pentagon”, where each line segment in the boundary can be thought
of as a homotopy between two groupings. You can also deform across the interior of the
pentagon because this is all just about how quickly you go around the loops. The same
happens for compositions of more loops.

Suppose you have a space Y with a multiplication. If all you have is naive homotopy
associativity for triples, a(bc) ~ (ab)c, say it is an A, space. If there are also homotopies
as indicated in the Stasheff pentagon for any four points, then say Y is an A, space. If
Y = QX, you also have all the possible higher homotopies between homotopies, and so
you say that QX is A, . Roughly speaking, loop spaces are the same as A, spaces - this
is the recognition principle. You can encode this information using an A, operad, such
as one built with the Stasheff associahedra. We’ll hear more about this in the next talk.

If you have a double loop space 22X, then you’re starting to have some homotopy com-
mutativity built in. This can be described by the little 2-cubes operad or little 2-disks
operad. The double loop space 22X was already naively homotopy commutative, but if
you have "X, then this is an E,-space, and this structure can be encoded by the little
n-cubes operad. In the limit, you have Q*° X, which is an E_, space, and this structure is
described by the co-cubes operad, but also by other E_ operads such as the Barratt-Eccles
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operad and the linear isometries operad. Again, we’ll learn more about these in the next

talk.

Let’s summarize this in a table:

Space Structure Operads
QX | Ay -space = E;-space | little intervals operad, Stasheff
associahedra
(9296 E,-space little 2-cubes/disks
Q"X E -space little 7-cubes/disks
N>X E__-space oo-cubes, linear isometries,
Barratt-Eccles

As soon as Y has an associative product, you get an algebra structure on H,(Y,F ). As

you go up the E,, hierarchy, you get more and more structure on homology. For example,
by the time you get to E., you have Dyer-Lashof operations on homology.

1.3. What is this extra structure good for?

Module categories (Mandell, 2012). Suppose I have an actual (discrete) algebra R. If it’s just
associative, and I have a right module and a left module, I can form a tensor product, but
that won’t be a module. If R is commutative, the tensor product is again an R-module
(and you can say fancier things about it being a symmetric monoidal structure).

structure on spectrum R | R-mod= R-module spectra Dy =Ho(R-mod)
E =A, product pairing M Ag N for product pairing

M € R°P-mod, N € R-mod

E, R°P-mod = R-mod, monoidal Djop = Dy, monoidal structure
structure on R-mod —Agz —

E; braided monoidal structure

E, symmetric monoidal category

E. symmetric monoidal category symmetric monoidal category
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Everything here is at least A, and here “R-mod” means just using that structure. In the-
ory, if you have more structure, you could look at different module categories. Mandell’s
theorems are about what happens when you take into account the A -structure.

The point is that you have to go to E, in order to get a symmetric monoidal structure
on the point-set level module category (second column); on the homotopy category you
get this with an E, structure (third column).

“Brave new algebra”. Now that we can talk about commutativity and associativity, we
should view structured ring spectra as some vast generalization of ordinary algebra; we
can generalize constructions (and maybe even theorems, sometimes) from algebra, or
algebraic geometry if you're very brave, to spectra. Examples:

e Galois theory in the sense of Rognes,
e duality results (Dwyer, Greenless, Iyengar),

e invariants: algebraic K-theory [of aspectrum], T HH (a generalization of Hochschild
homology in algebra), TC, TAQ (a generalization of André-Quillen homology).

We might even be able to get new algebraic results - ordinary algebra is embedded via the
Eilenberg-Maclane construction. There are actually statements about pure algebra whose
only known proof is via structured ring spectra.

Extra structure. If you put in extra structure such as an E_,-ring, then you get out extra

structure such as Dyer-Lashof operations on e.g. homology. These are really usetul. You

can also show things are not £, by showing one of the requisite Dyer-Lashof operations
N

can’t exist.

1.4. How much structure do we have?

How to get highly structured ring spectra. This is what’s coming in Talk 3. We’ll talk about
various machines for generating highly structured ring spectra, such as multiplicative infi-
nite loop space machines, Thom spectra, free objects and standard operadic constructions
that produce algebras over an operad. Once you’re in a nice category, there are some “new
from old” constructions such as localization. There’s also a notion of building E__-ring
spectra out of “E__-cells”.

Obstruction theory. Suppose you have something with an A -structure, and you want to
know whether you can build in more structure. The general approach is to build up the
structure in stages. In all these theories you're going to get obstructions to existence and
uniqueness, living in some kind of cohomology, of a lift from one stage to the next. In
one instance the 7*” stage is going to be E, . For I-homology, we’ve got a different notion
of stage.

I'll first talk about a motivating example, namely BP, the Brown-Peterson spectrum.
There’s a secret prime that isn’t written in the notation. Naively, think about MU, fix a
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prime p, think about the p-local version MU, ; it turns out that M U, splits as a bunch
of pieces which we call BP:
MU, ~\/*BP.

MU is enormously important, and BP is in some sense a more convenient version of
MU, (why would you carry around a bunch of copies of information if you could just
work with a small piece that contains it all?). It is known that MU is E, (the structure
is really natural), and localizations of E__-ring spectra are E_,. It’s a really old question
about whether BP is an E_ -ring spectrum. The issues are with commutativity; we’ve
known for a while that it’s an A_-ring spectrum (and it’s good as an algebra over M U).

1.5. Outline of what’s coming. We’ll list the obstruction theories and what’s coming

in which talk.

talks | obstruction theory | context who key ingredients results about BP
4-7 | HT (I-~cohomology) | E_ -algebras | Robinson, particular Richter: BP has at
Whitehouse | E, -operad and a least a
filtration of it giving | (2p* +2p —2)-stage
a notion of “z-stage”

8-12 | TAQ (Topological | comm. Basterra, Kriz | Postnikov towers, Basterra-Mandell:
André-Quillen S-algebras k-invariants BP isat least E,
cohomology)

13-15 | Goerss-Hopkins any good Goerss- simplicial [lots of applications,
obstruction theory | category of Hopkins resolutions including to spectra

spectra related to BP]

Talks 16-17 are about comparison results for the various obstruction theories. Talks 18-
19 are about limits to the structure of BP. We know that you can’t have an E_ -map
BP — MU. So if BP did have an E__-structure, it wouldn’t be nicely related to M U.
Recently, (indeed, shortly after we wrote the Talbot syllabus), Lawson posted a preprint
proving that BP at p =2 doesn’t have an E,,-structure!

There are still lots of things we don’t know: for a start, the problem of whether BP is E
is open at odd primes, and even at p = 2 we don’t know the maximum 7 for which BP is
E, (though maybe we don’t care as much about that one). Lawson conjectures BP is not
E . for odd primes as well. His proof for p = 2 uses secondary Dyer-Lashof operations
and he thinks the same idea should work for odd primes but it might be painful to get the
details right.

The final talk will be by Maria Basterra, on future directions.

TALK 2: OPERADS  (Calista Bernard)
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Let (M,®,I) be a closed, symmetric monoidal category. Examples to keep in mind are:
o (Set, x,{+})
o (Top™*,x, {+})
o (Vect,®,k)

Definition 2.1. An operad @ is a collection of objects of M, written {0(n)},,~, with
(i) composition law
On)@O(k)®...@ O(k,) L Ok +---+k,)
(i1) right action of X, on O(n)
(iif) aunitin O(1)

where y satisfies an associativity condition and behaves nicely w.r.t. X, action and the
unit.

Think of O(n) as “n-ary operations”. Think of the symmetric group action as permuting
the inputs, and composition as plugging in 7 functions in &, ..., k, variables, respec-
tively, into a function in 7 variables to get a function in k, +---+ k&, variables. Draw this
as follows:

If O just satisfies (1) and (iii), then say O is a non-symmetric operad. A morphism of operads
is a collection of maps {O(n) — 0’(n)} preserving the operad structure.

Example 2.2 (Associative operad). Over spaces, As(n) = X, (the disjoint union of 7!
points). In general, you can do this over any symmetric monoidal category: take 7!
copies of the unit. The composition

T, % (B, X x T ) D%

sends (05 7y,...,7,) to the permutation of (a;,...,a ,...,4;_y ,...,4;) that does 7, to
(@55 ), Ty t0 (ap 1, a4 1)) etc., and then does o to the resulting thing. That is,
if we partition (4y,...,a;) into 7 boxes according to the k;, 7, permutes the elements of
the 7th box, and o permutes the boxes. £, acts by right multiplication.

There is also a non-symmetric associative operad, defined by As(7) = «. Think of this as
there being a single multiplication y, a single ternary operation u(—, u(—,—)) = u(u(——),—),
etc. indicating that all the higher associativities hold on the nose. The symmetric ver-
sion, above, also keeps track of the fact that, once you also allow switching factors, there
are 2! = 2 binary operations ((a,b) — ab and (a,b) — ba), 3! = 6 ternary operations
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(a,b,¢) — (ab)c, (a,b,c) — (ba)c, ...), and so on; a priori there aren’t any relation-
ships between these and so the space of them is discrete, with 7! points.

Example 2.3 (Commutative operad). Over spaces, define the (symmetric) operad Comm
such that Comm(#n) = x (or over any symmetric monoidal category, it’s just the unit). De-
fine the 3, -action to be trivial. (As opposed to the (symmetric version of the) associative
operad, which had a different 7-ary operation for every permutation of the inputs, here
we have the same 7-ary operation no matter how you act on it by X .)

How does this help?

Definition 2.4. If O is an operad over a category M (i.e. such that O(n) € M), then
an algebra over O is an object X € M, together with maps 0(n) ® X®" — X that are
compatible with the operad structure on 0.

This gives a way of parametrizing n-ary operations on X.

Exercise 2.5.
(1) Algebras over As are associative monoids.

(2) Algebras over Comm are commutative monoids.

Definition 2.6. An A_ -operad is an operad O over spaces together with a morphism
0 — As such that the levelwise map 0(n) — As(n) is a £ ,-equivariant homotopy equiv-
alence.

Example 2.7 (Stasheff’s associahedra). I will state this as a non-symmetric 4, -operad.
Define K; to be a cell complex homeomorphic to 172 (where I = [0,1]) that keeps
track of ways to bracket a word with 7 letters in it. Define Ky =+ = K.

e K, = x corresponding to one way to bracket (a,4,)
e K, isan interval with endpoints (a,4,)a; and a,(a,4a5).

e K, is the pentagon
((araz)as)ay

ai(az(azas))  ai((azasz)as)

e The rest can be defined inductively.
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The composition
Kn X (Kkl X... X Kkn) g Kk1+...+kn
takesabracketing ¢, ofa WOI‘.d with 7 letters and gives a brac-:ketmg ofa..ay ...ap_y ...
where you use the k; bracketing on 4, ...a,, , the k, bracketing on Qo1+ k> €20, and
then apply ¢, to the result (where the 7 “letters” are (1) the bracketing of 4, ey 5 (2)
the bracketing of 4; ..., 1 , etc.). The claim is that this extends to a map of cell
complexes. This is a non-symmetric operad so I'm not going to define an action of the
symmetric group. Since K; is contractible, there is a morphism K — As, and therefore K
is an A, operad. If X is a K-algebra, K, xX? — X makes X an H-space, K; xX> — X
| — —

* 1
gives a homotopy between (a,4,)a; and a,(a,4;), etc.

Example 2.8 (Little n-disks operad). Let D, =sEmb(| |, D",D") where sEmb, standard
embeddings, means on each component it looks like x — Ax + ¢. The composition is
defined as in the following example:

Da(2)  x  Da(3) x Do)  —  Dy(7)

©) ® ®

The symmetric group acts by permuting the labels.

Note: we have a morphism D, < D, | from an embedding D" < D"*!. For example,
I can embed an interval (= D) into D? by putting the interval as the equator, and I can
map intervals inside D! to circles inside D? by fattening up the corresponding intervals.

This generalizes to other n. Let D, =colim, D,,.

Theorem 2.9 (May, Boardman-Vogt). Every n-fold based loop space is a D,,-algebra. If Y is
a D, -algebra and 70,Y is a group, then there exists a space X such that Y ~Q"X.

Proving the first statement isn’t that hard, but the second statement is harder; May does
it by constructing a delooping involving the 2-sided bar construction.

Definition 2.10. An E -operad (for 1 <7 < 00) is an operad € over spaces with a weak
equivalence of operads (i.e. on each arity I have a zigzag of weak homotopy equivalences)
0 — D,, such that the ¥,-action on O(k) is free.
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Remark 2.11. D, is weakly equivalent to As (contract all the intervals to points and then
you get configurations of 7 points in an interval), so E, is “the same” as A .

Remark 2.12. D_ (n) is contractible. (You can write down a specific map showing that
D, (n) is contractible in D, ,(7).)

Being an E__-operad is the same as being weakly equivalent to a point in each arity, and
having a free ¥ -action.

Example 2.13 (Barratt-Eccles). Let &(n) = EX, (the total space for the classifying space).
Earlier when defining the associative operad, I defined a map 3, x p X X an —

2k 44,3 the corresponding map
Zn X (Zkl X... X an) — Zk1+"'+/€n
is a group homomorphism. This induces a map
E(E, x(Zp, X ... XE )= EXy Lo
which gives a map
EZn X E2k1 X...X Ezk - Ezkl_;'_‘.._;,_k .

Since EX., is contractible with a free 3, action, & is an E_-operad.

Example 2.14 (Linear isometries operad). Let £ (n)={linear isometries (R*)” — R*}.
The operad composition is multi-composition. (This is just a sub-operad of the endomor-
phism operad.) X, acts by permuting the inputs. We can topologize R* as the limit of
R”’s, which gives rise to a topology on £ (). It turns out that £ (») is contractible (this
is a consequence of Kuiper’s theorem).

For example, BO is an algebra over this operad, because you can look at the infinite
Grassmannian and define the operad map using direct sums of subspaces of R*.

Simplicial spectra over simplicial operads. The last thing I want to talk about will be
useful for Goerss-Hopkins obstruction theory. In the reference in the syllabus, they work
over simplicial sets, but for simplicity we’ll work over spaces.

Definition 2.15. Let O be the category of operads over spaces. Let sO be simplicial
objects of 0. A simplicial operad is an object of s 0.

Given C € 0 and a spectrum X in our modern category of spectra, we can define the free
C-algebra generated by X as

Ccx)=\/ Cln), Ay X"
n>0

(You can always make a free algebra in this way using the coproduct and product.) Then
X is a C-algebra iff there is a map C(X) — X satisfying some conditions.
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If X ={n — X,} is a simplicial spectrum (simplicial object in the category of spectra)
that is an algebra over a simplicial operad T' = {n — T}, then X, is an algebra over T,
for all 7.

We can define a geometric realization functor
| |:sO0—0
where |T|=| | _ A" x T,/ ~. Here A" x T, is the operad with kP arity A" x T, (k).
Similarly, there is a geometric realization
| |:sSpectra— Spectra
where [X|=\/ _ ATAX,/~.

Theorem 2.16. If T is a simplicial operad and X is a simplicial spectrum that is an algebra
over T, then |X| has a natural structure as an | T |-algebra.

The proof is basically a definition chase, plus showing that you have a map T(X) —» X
that behaves nicely under realization.

TALK 3: EXAMPLES OF STRUCTURED RING SPECTRA  (Jens Kjaer)

3.1. Linear isometries operad. I’'m going to follow May’s style of E__-ring spectra. To
each V. C R (inclusion as a finite-dimensional inner product space) we associate E(V') €
Top, and structure maps SW AE(V)— E(W @& V) (here SV is the 1-point compactifica-
tion of the representation W, and we need W NV =0).

What does it mean for this to be £ ? Given g € £(n) (linear isometries &,R* — R*),
we should have maps g, : Ey, A...AEy, — Eyy v that are compatible with the

operadic structure.

The sphere spectrum is an example of an algebra over the linear isometries operad: S(V') =
SV. The map SV1 A... ASVs — §8V1%xVa) 5 just smashing and re-indexing.

There aren’t a lot of other examples that are easy to write out on the point-set level.

3.2. Thom spectra. How else can we make E, ring spectra? Use Thom spectra. If V isa
finite-dimensional inner product space, and F(V) is the set of self homotopy equivalences
of $Y, then form F = colim, g F(V'). This is a group under composition, so I can form
the classifying space BF. This classifies spherical fibrations: if I have a map X — BF(V),
this is the same data as a sphere bundle & — X. Given a sphere bundle { — X, I can
associate the Thom space Thom(&), which you should think of as a sphere bundle where
all the fibers look like §Y; write Thom(&) =& /X x oo.
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Given amap j : X — BF, I will show how to construct an associated spectrum. There’s
amap BF(V)— BF,so I can define X, as the pullback

X, —X5BF(V)

|, |

X —L 4 BF

The map j, gives rise to a sphere bundle ¥ |, over X,. If V < W is an inner product
space, you get a map BF(V') — BF(W). There are canonical sphere bundles y, and yy,
over BF(V) and BF(W), respectively. I get

YWwOew_y —Yw

| |

BF(V) —— BF(W)

Applying Thom space machinery, I get a map sVt Thom(yy, ) — Thom(yy,). So I get
>V* Thom(X v)— Thom(X ). Then define Thom(;)(V) = Thom(X y,).

Right now this is just an ordinary spectrum, but I claim it can be given the structure of
an E__-ring spectrum via an action of the linear isometries operad. If g € Z(n), I get an
induced map g, : BF(V})x...x BF(V,)) » BF(V) (where V = g(V,; x...x V,)). These
fit into an operadic picture; there’s some compatibility between how all the g’s act.

I will be less than precise in the following. Assume X is an Z-algebra. Assume X — BF
is a map of Z-algebras. This means I have commutative diagrams

L(n)x X" —— L(n)x BF*"
| |

X ——BF

This ensures the following diagram commutes.

Xy x...x Xy, ——BF(V|)x...xBF(V,)

O

X, BF(V)
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Drawing all the total spaces we have a commutative diagram

Xy, XXXy Yy, X - XYy,
\ ‘
Xy, x...xX, BF(V))x...xBF(V,)
Xy l Vv\
\XV BE(V)

This gives rise to a map
Thom(Xy,)A...AThom(X, ) — Thom(X ).

One thing you should be concerned about is that you get an E_ -Thom spectrum if X —
BF is a map of E__-spaces.

I have a map O — F (take the 1-point compactification), which gives rise to a map BO —
BF. T assert that this is an E_-map, which works for this choice of operad. If you take
the Thom spectrum of this, you get M O. Similarly, there is a map BU — BF, and the
Thom spectrum of this is M U. You can get the sphere spectrum this way by taking the
trivial map.

3.3. Commutative spectra. If you have a highly structured model of the category of
spectra (symmetric spectra, orthogonal spectra, S-modules), then a commutative monoid
will, by translation machinery, give you an E__-ring spectrum. Different machines have
different things that are easy to write down.

Let’s focus on symmetric spectra. Recall, a symmetric spectrum is a sequence of pointed
simplicial sets X, where ¥, acts on X,, along with structure maps §” A X, — X

m+n
whichis ¥, x X, C ¥, -equivariant (on the left, write $” = (§!)"” and permute the
coordinates).

Example 3.1. If A isa commutative ring, define the Eilenberg-MacLane spectrum HA, =

AQ®Z[S"] (here Z[ §"] is the free reduced abelian simplicial group on the simplicial space

§”,and A ®Z[S§”] means it’s tensored levelwise with A). You can work out the maps
HA,ANHA, =AQZ[S"|AARZ[S"] > AR Z[S"™];

use the multiplication on A. This gives that HA is a commutative spectrum, and therefore
an E_ -ring.

3.4. Pairs of operads. Assume E is an E__-ring spectrum. Then Q*°E, an infinite loop
space, is an E__-space since the little cubes operad 6, acts on Q2°°(—). Since E was already
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E_, there’s also an action of £ on E, which gives rise to an action of £ on Q*E. So
now Q°F is an E__-space for two different reasons - there are two different actions of an
E_.-operad. There is a deep and subtle interaction of these two.

Definition 3.2. (¢, 6) is an operad pair if ¢ and 6 are operads, and there are structure
maps

G(k)x 6(j1) X . X C(1) = G+ Ji)-
These are subject to all compatibility diagrams which I won’t write here.

The idea is that ¢ is multiplication and 6 is addition.

Examples of operad pairs are really hard. May claims that the following are the only
known examples:

e (Comm, Comm) because there is exactly one map from a point to a point

o (£, A )where A is the Steiner operad (think of this as like little disks or little cubes,
with the good qualities of both and none of the bad qualities)
Let me pretend this actually worked for the little disks operad, and give a sketch
of how this goes. Look at Isom(R™ x ... x R, R+ ); note that if you let all the
n’s go to 0o you get the linear isometries operad. Then you get a map

Isom(R" x ... x R, RT4) 5 G, (1) % oo X G, (jo) = Gy G+ + )

which is producting all the little cubes together and then applying the isometry. This
doesn’t actually work for subtle basepoint issues, which is why you need the Steiner
operad instead.

Definition 3.3. Let (¥, 6) be an operad pair.

o X isa(¥,6)spaceif X is a Y-algebra and a 6-algebra, and CX — X is a Y-algebra
map. (Here C is the monad that comes from €6.)

e (4,6)isan E_ -pair if 4 and € are E ..

e X isan E_ -ring space if it is a (¥, € )-space for an E__-pair.

Example 3.4. Q%F is an (&, X )-space, and hence an E__-ring space.

How can we get other examples of infinite loop spaces? One way to get loop spaces is
from permutative categories.

Definition 3.5. Let (C,®,0) be a symmetric monoidal category. This is called permuta-
tive if:

(1) @®b)®dc=ad(bc) (note this is strict)

2 a®0=a=0®a

(3) some compatibility between the unit being strict and the symmetric monoidal struc-
ture
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Let EX, be the category whose objects are the elements of X, and Hom(o, 7) = * for
every o, T.

Let 6 be a permutative category, so we get a functor EX, X 6" — €; taking nerves
yields amap EX, x B€*" — B6 giving B€ the structure of an E__-space. (To any E -
space X you can associate a spectrum, and the 0 space T'X is an infinite loop space. The

claim is that B6 is an E_-space and I'B is an infinite loop space. Idea: moving from
B% toT'B% is like adding the inverses. Think of this is as the algebraic K-theory K(6).)

Example 3.6. Let (6,®,0) = (Proji™, ®,0); then K6 = K(R).

Definition 3.7 (Bipermutative categories). A bipermutative categoryis(6,®,®,0,1)such
that (6,9,0) and (¢, ®, 1) are permutative, and
dj:(a®b)e(d'®b)— (a®d)®b
d:(b®a)®(b®d)—>be(add)

satisfy compatibilities.

You should be able to conclude that B€ is an E-ring space. May tried to do this using
the Barratt-Eccles operad, but it turns out that this doesn’t act on itself, and there’s a
subtle basepoint issue, so you have to do something more complicated.

Why was I talking about E_-ring spaces when I started out by talking about E_, -ring
spectra?

Proposition 3.8. If X isan E__-ring space, given as a (9, 6 )-space, for an E pair (4,6),
then the associated spectrum to the 6 -delooping is an E . -ring spectrum.

In particular, if 6 is a bipermutative category, then K6 (the algebraic K-theory of %)
can be delooped to an E__-ring spectrum. This is the primary example.

Example 3.9. Take 6 = (Vecti’dasscs’ﬁn,ea,&O,C). This isn’t bipermutative, but it can
be strictified to a bipermutative category 6”. Then K6’ = kU, connective complex K-
theory. One way of getting non-connective K-theory KU is to take connective K-theory
kU and invert the Bott element. Our theory of E_ -ring spectra is rich enough to allow
that.

If you have an E_ -ring space and you add a disjoint basepoint and take the suspension
spectrum, then you get an E_,-ring spectrum.
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PART II:
I-HOMOLOGY

Interlude: why do we care whether things are E__, etc.¢  (Dylan Wilson)

This is Dylan’s answer to the above question, delivered during an informal questions seminar
during the workshop.

Most of the rest of the workshop is about techniques for showing whether ring spectra
are E_, E,, etc. But first let’s collect a few bits of intuition about why this is a useful
endeavor.

Reason 1: multiplicative structures lead to power operations, and those are useful for

computation. Suppose I have a homoto y commutative multiplication on a space X;
switch

that means there is a homotopy (possibly lots!) between X x X SEXand X xx ™5
X x X 5 X. Pick one, and precompose with the diagonal map to get a homotopy from

switch

X é>X><X A XX é>X><X M X x X B X Pick an element x € X; both of
these maps take x — x2, but the homotopy might do something crazy - the homotopy
gives you a loop on x2. So you started with a point, and the homotopy gave you a loop
(a 1-dimensional thing). Similarly, I could also start with some simplicial subcomplex in
X; the same procedure gives rise to something of dimension 1 higher. If we’re lucky, this
takes boundaries to boundaries, and the map from 7-chains to (74 1)-chains lifts to a map
H,(X;F,)— H_.,(X,F,). Again: this map depends on the homotopy!

Given an H-space X and a chosen witness of homotopy commutativity, you get a map
Q:H(X,F,)— H,_(X,F,). This is an example of a Dyer-Lashof or power operation.

*

Upshot: structure on X gives structure on H, X . This is great.

Here’s an example: try to compute any spectral sequence. Just as knowing the fact that
cohomology has a ring structure vastly simplifies the computation of the Serre spectral
sequence, the use of power operations allows computations for spectral sequences that
respect those operations. It is always good when we can propagate differentials from
known ones!

Here’s another example: the sphere is an E_-ring spectrum. Bruner, in his thesis, used the
E__-ring structure on the sphere to get power operations on the Adams spectral sequence
and get tons of differentials. (This has even earlier precedents in work of Kahn, Milgram,
and others.)

That was reason 1 why we care about things being E . Reason 2 is that we don’t care. But
we want amap X — Y, say, or a spectrum. If X and Y have no structure, then there are
lots of maps. Suppose you have some Thom spectrum e.g. MString, and you want to
build a cobordism invariant that lands in some spectrum X . If you just know what it does
on homotopy groups, you have no hope - there are just so many maps MString —» X
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that you’ll never find the “right” one. Suppose we think of MString as a cell complex,
and try to build a map by defining it on the n-skeleton, one 7 at a time. There are lots
of choices, and at every stage there’s a significant possibility that you’ll just choose the
wrong one. But maybe there’s extra structure, and you declare that you want your map
to respect this structure. There are fewer choices of maps that respect the structure, but
if you can find a map that respects this structure it’s much more likely to be a good one.

For example, C, = {1, 7} acts on kU by complex conjugation; suppose you want to find
the automorphism kU = kU in [kU,kU]. There’s an entire Adams spectral sequence
converging to [k U, kU ; there are lots of differentials, extensions, and nonzero groups
for obstructions to lie in. But Goerss-Hopkins obstruction theory builds it for free: there
are no nonzero groups for obstructions to live in.

TALK 4: ROBINSON’S A_, OBSTRUCTION THEORY  (Foling Zou)

Plan:
e Associahedra and definition of an A, -structure on ring spectra
e Robinson’s obstruction theory

e Application: show K(7) admits (uncountably many) A, -structures

e E(n)admits an A -structure

4.1. A, and Stasheff associahedra. We work in a symmetric monoidal category of spec-
tra. A ring spectrum is a monoid in the homotopy category. That is to say, it is a spectrum
that has a homotopy associative multiplication and a homotopy unit. For some purposes,
we would like more coherence structures on the homotopy associative multiplication,
which are called A,, structures that we are going to define.

Recall that Ky = K| = %, and K, is an (7 — 2)-dimensional polyhedron such that every
(n —2—1)-dimensional cell corresponds to a way to put ¢ parentheses in 7 letters. For
example, K, = *, K; is an interval with endpoints given by (ab)c and a(bc¢), K, is the
pentagon

((ab)e)d

(ab)(cd) a(bc))d

a(bled))  a((be)d)

and K looks like
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This has 6 pentagons and 3 squares. In general, for 1 < j < r, there is a “face map” J.° :
K, xK; — K, _, picking out the face corresponding to putting 1 pair of parentheses of
s letters starting at the j*” spot; it is the map

8]'7,5 :KV X (Kl)jil X Ks X (Kl)rij _)Kr+5—1

given by regarding j — 1 1-letter words, one s-letter word, then r —j 1-letter words as
an r-letter word. Down to the cells, the product of an z-dimensional cell of K, and a
j-dimensional cell of K, corresponds to »r —2 — 1 parentheses and s —2 — j parentheses,
so the composition procedure above gives a word with (r —2—i)+(s—2—j)+1 =
(r +5—1)—2—(z +j) parentheses, corresponding exactly to an (i + j )-dimensional cell
in K, ;. You can extend this to an operad map.

A (n) =K, forms a (non-X) operad. We can define a truncated sub-operad 7, of 4 for
each 7 by setting #,,(j) = K; for j < n, and then closing up under the structure maps.

Definition 4.1. An A ,~structure on a ring spectrum E is defined to be an algebra structure
over ,. Note that in this definition, for » > 3 we require our ring spectrum to be
homotopy associative but we require a strict unit.

Definition 4.2. An A -structure on E is the same as an A, -structure, except you don’t
require the unit to be strict. That is, you have

° pm:e%/m_FAE(’”)—)EforZSmSn;

e 1, has a two-sided homotopy unit;
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e The following diagram commutes:

(K, x K,), NECH) =5 K AEUD A((K,), AEW)AEC)

(K,)
J/MMSAI

ar K, NEVDAEANECD)

J/Iur
E

For example, A, means you have a multiplication and homotopy unit; A; is that you have

Mrgs—1

K /\E(H-s—l)

r4s—14

a homotopy between two ways of multiplying three letters, which is A, plus homotopy

associativity of the multiplication; and A, is that you can fill in the pentagon of homo-
topies, which is homotopy between the homotopies.

In this language, a ring spectrum is a spectrum with an A, structure that is extendable to
A,.

In Robinson’s original paper, he studied the obstruction to A, structure and he proved

in fact in a latter paper that an A, ring spectrum can always be given an A,, structure.

Robinson’s obstruction theories. Goal: Given an A, ,-structure for E (for n > 3),

we want to extend this to an A, -structure on E, or understand obstructions to such an
extension. So we want to come up with u,, : K, AE®™ — E, where the restriction to
the boundary is already defined , ¢, : (9K,,), AE™ — E.

Since K, = D" 2, we have (passing to homotopy classes) ¢, € E¢(S" > AE™)) = E3=7(EM),
Just like the classical case of obstruction theory:

(1) We can extend the map from the boundary of a disk to the inner part iff the map is
trivial (i.e., here, ¢, =0).

(2) If ¢, is not trivial, can we change the A, _,-structure to make it trivial?

We would like to make some assumptions to study this group: assume a perfect universal
coefficient theorem and Kiinneth theorem hold for E. To be more precise, what we need
1s

E*(E™)=Hom; ((E,E)®",E,).
This is a pretty strong restriction but it is satisfied by the examples we’ll talk about today.
(For example, it holds for Landweber-exact things.) Then ¢, € Hom) *((E,E)®",E,).

Denote (E,E,E,) = (A, R); there will be an augmentation ¢ : A — R because of the ring
structure on E.
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Definition 4.3. The unnormalized Hochschild complex is given by:
C™*(A|R;R) = Homj(A®",R).

There is a differential on this complex & : C” — C"*! given by
(80)(X®...®1,)=e(A)0(4, ®...0 A,)+ D (1) (A ®...0 4,_ A, ®...9 1)
=1
+ (=104 ®...0 4, ,)e(A,).

The homology of this complex is called Hochschild cohomology:
HH""(A;R)= H"(C*"(A|R;R)).

Then notice ¢, € C™"(A|R;R).

If we study the A, -structure instead of the A, -structure, then the obstruction c, will lie
in the reduced Hochschild complex

C™(A|R; R) = Hom’ " (A®", R),

where A is the augmentation ideal. There is a normalization theorem saying that the
homology of the normalized complex is the same as the homology of the un-normalized
complex, so it doesn’t matter which one we use for obstruction theory.

Proposition 4.4. Suppose n > 4 and the previous assumptions. Then if we alter the A\n_l-

structure on E by a classa € C"~137"(A|R; R) fixing the zzl\nfz structure, then the obstruction
class c,, is altered by the boundary 8 a.

First let’s see why the difference is a class 2 € C"~13~"(A|R; R). Suppose we fix the A, _,
structure on E and we want to change the A,_;-structure. Thenon K, AE =)
E, we fix the map on the boundary, and alter the map on the inside. So the difference
is a map (K,_; Upg K, )\E"™ — E. But K, | = D" and so the difference lies
in " AEC) — E, aka. it represents a class in EO(X"3E(—) & p3—n(E(—1))
C=13=7(A|R; R).

Then the reason that the obstruction is altered by the boundary of 4 is that now we’re
looking at a map ¢, : K, , AE" — E, and the only face maps that involve K, _, are

é’],”—l’z K, (xK,—>K, for1<j<n—1and 3}”‘1 Ky, xK, | — K, for1<j<2.
If you trace through the difference on these faces, you exactly get the 7 + 1 terms in the
formula for (8a).

Theorem 4.5. Let E be a ring spectrum satisfying the above assumptions, and suppose E has
an A,_,-structure with n > 4. Then

e ¢, isa cocycle in C™"(A|R; R)
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o The A, _,-structure on E can be refined to an A, -structure iff the class of c,, is zero in
HH""(A;R).

The reason is that, as we observed in the proposition, if you change the A, _,-structure,
you can change the obstruction by a coboundary. So we only care about the obstruction
group modulo coboundaries.

The upshot is the following:

Theorem 4.6. With assumptions, given an A\n_l-strucmre on E, the A, o Can be extended
toan A, -structure iff [c,] =0 € HH™"(A|R;R).

Example: Morava K-theory. Fix a prime p and an integer » > 1. Then Morava K-
theory is a ring spectrum K(#) such that K(n), = Fp[v,ﬂ, where |v,| =2(p” —1). Clas-
sically, K(n) is constructed by some bordism theory with singularities. It’s proved that
it’s a ring spectrum. This is work of Mironov, Morava, and Shimada.

It is a theorem of Yagita (for odd p) that
K(n) K(n)=2(n) @ Mg () (715457, 1)
where |7;| =2p/ — 1. With this information, Robinson computed (for odd p)
HH (K(2).K(n),K().) 2 K(2).[a1,-- 0, ]

» ¥ n—1
where || = (1,2 p? —1). So that these cohomology groups HH** are concentrated in
even total degrees. Since the obstruction classes lie in odd total degree, given any A,_,-
structure, there are no obstructions to extending the underlying A, ,-structure to A,,.

This means that we can always alter the A, _|-structure to make it extendable.

Theorem 4.7. If p is odd and n > 1 then K(n) admits an A\oo -structure.

At p = 2, the assumptions aren’t satisfied (and also the computation doesn’t work).
Robinson’s assumptions are implicitly assuming E is homotopy commutative, which is
not the case when p =2.

Angeltveit overcomes this obstacle; his method works in a more general setting than
Robinson’s and also works at p = 2.

A, -structures on homomorphisms. Let E, F be Ay-ring spectra, and suppose we have
aringmap ¢ : E — F. Question: can ¢ be given an A -structure?

Definition 4.8. An A, -structure (n < N) on¢ isan A, -structure on the mapping cylinder
M, = (I, NE)U, F that restricts to the given A, -structures on £ and F.
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Robinson claimed that, homotopically, the obstruction theory on M, is the same as con-
structing maps (K, x I), AE®) — F.

Using the same logic as before, we have an obstruction theory for extending structures
on maps:

Theorem 4.9. Let ¢ : E — F be as above. Then
o The obstruction to extending an A, _,-structure on 9 to A, is b, € C*~"(E,E;F.)
o The A, ,-structure extendsto A, iff[b,]=0€ HH"*~"(E E,F,).
With the calculations before, one can conclude the following observations about the obstruc-
tion groups for uniqueness for K(n) when p is odd:
0 k<p—1
dimy, HHY 4 (K(n) K(n),K(n))={ 1 k=)
#0;  for infinitely many k.

Indeed, every element in HH*>*(K(n) K (n),K(n),) can be realized as a difference class
of two A -structures, because you can take a cocycle representing the class and alter the
A, -structure of a fixed A _-structure by the cocycle. Being a cocycle means that the altered
A, -structure is extendable to an A, ;-structure, and since all obstruction groups of K(1)
vanish, extendable to A, ; will imply extendable to A .

Robinson concluded from these calculations the following description about the higher
structures on K(n):

Theorem 4.10. Let p be odd with n > 1. Then

o K(n) has exactly one A ,_,-structure which can be extended;
o K(n) has p A, -structures which can be extended;

o K(n) has uncountably many A -structures, in the sense that the identity map K(n) —
K(n) is not A, if the K(n)’s are given different A, -structures. However, Angeltveit
proved that there is a weak equivalence K(n) — K(n) that carries one A -structure to
another.

Completed Johnson-Wilson theory. Let £(7) be the Johnson-Wilson spectrum, with
E(n), = Z(p)[fvl, cosvE] Let I, = (p,vy5..,0,_,)- So E(n)/I, = K(n), and we can form
an inverse limit diagram

o E(n)/ 2 > E(n)/1, =K(n)

—

and define E () = holim, E(n)/I*.

n
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Theorem 4.11 (Baker, 2000). The assumptions for Robinson obstruction theory are satisfied

Jfor E(n). Furthermore,

HHT)*(E/(;)X-E(-;))-E(-;)*) = {E(ﬂ)* r=0

0 otherwise
. —  — K n . r :O
HE™(En). En), K(n),) = {O< bl

—_—
Theorem 4.12. E(n) admits an A -structure that is compatible with its underlying canon-
ical ring structure. The obstructions to non-uniqueness also vanish, so this is a unique A -

—_—
structure. Moreover, the natural map E(n) — K(n) can be given an A -structure.

—

Small issue: actually E(7) satisfies the universal coefficient theorem for continuons coho-
mology, and so you need to consider continuous Hochschild cohomology. . . It works out,
anyway.

TALK 5: ROBINSON’S E_, OBSTRUCTION THEORY  (J.D. Quigley)

Let V be a homotopy commutative, associative ring spectrum.

Definition 5.1. An E_ -ring structure on V is a morphism of operads ¢ — End(V)
where 6 is an E_, operad.

“Recall” the endomorphism operad End(V') is defined so End(V'),, = Hom(V"", V). We
should assume V is in some “nice” category of spectra like S-modules or symmetric spec-
tra.

We want to mimic Robinson’s obstruction theory for A -rings, but in the E_ setting.
Our first attempt might be to choose 6 = &, the Barratt-Eccles operad - recall this is the
operad whose 7'” level is EX., . In the A, case, we extensively used the boundary of the
Stasheff associahedron operad. What is the boundary here?

Claim 5.2. There’s not a great notion of boundary for the Barratt-Eccles operad. In partic-
ular, there is a notion of boundary of an E_, operad, but the inclusion &, — &, is not a
¥, -equivariant coftbration.

For example, if you want to induct up the skeleton of a cell complex, you want the inclu-
sions of skeleta to be cofibrations.

So we need a different operad. Robinson and Whitehouse use instead the tree operad
(though sometimes that is used to refer to a further refinement to be defined later). Define
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T to be the operad where il is the space of isomorphism classes of trees with (7 + 1)-
labelled leaves, and internal edges (i.e. those whose endpoints aren’t leaves) of length in
0,1].

For example, i looks like:

A
B, B, B
0 1 0 2
0 1
where the vertices A, B,, B,, B are given by trees A = >< ,B, = ,B, = ,
3 2 3 2 3 1
0 3
and B; = , where the red edges denote internal edges of length 1. (It looks like
1 2

there should be 6 permutations, but e.g. B, is isomorphic to the tree that looks like B,
except with 2 and 3 swapped.) The edge from B, to A corresponds to shrinking the one
internal edge to a point. Say a tree is fully grown if at least one internal edge has length 1.
For example, in the trees above the fully grown ones are the B,’s.

Exercise 5.3. Draw the subspace of fully grown trees in i.

Let d il denote the subspace of fully grown trees in fn.

Facts 5.4.

n

(1) There is a homotopy equivalence J i ~ \/(n_l)! $773 and the representation of X,

on H,_4(JdT,)is isomorphic to the regular representation.

(2) T,/3T, has the homotopy type of a wedge of (7 — 1)! spheres of dimension 7 —2
and its homology is isomorphic as a 2, -module to ¢ - Lie,,, , where ¢ denotes the sign
representation. (There are some different notational conventions here. In some of
the sources, the signed action of permutations is considered to be built in to Lie},, in
which case the ¢ doesn’t appear.)

(3) The integral representation of ¥, on H, _5(J i,) has character

- (Inclg'“r1 Lie,—Lie, ).
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Remark 5.5. For (1), you should really be thinking of this as J ﬁl ~ \/(n_l)! JK,, where
e.g. if 7 =4, one of the copies of the boundary of the associahedron K, comes from:

123 4 2 3

(so all the trees represented by the points on the boundary have at least one internal edge
of length 1) and the other copies come from permuting the entries.

The Lie operad is an operad in k-modules where Lie,, consists of bracketings of 7 letters,
modulo anti-commutativity (or commutativity if permutations act with signs) and the Ja-
cobi relation. Since there’s an obvious way to associate a binary tree to a bracketing, you
can relate this to the free £-module on binary trees with 7 leaves, modulo the Jacobi rela-
tion. In fact, the relationship involves building in the sign representation. So for example,
if you’re working with rooted trees with root 0, the relation [[1,2],3] = —[[2,1],3] corre-
sponds to the permutation (1,2) acting with its sign —1 and the relation of (isomorphism
classes of) trees:

So we have:

1) {il} form an operad T
@) d ﬁ? — il is a ¥ -equivariant cofibration

?3) T is not E_, (the action isn’t free)

We’re going to fix this to make it an E_ operad, by combining it with the Barratt-Eccles
operad: define

T=6xT.
The claim is that this is cofibrant and E .

The boundary is
d7,=E¥, xdT,.
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There is a filtration .
FI =EX] xT,.
Shift around degrees to define
V'Z,=9; " =Ex " x T,

(you have to define what happens around when » — m < 0; this is probably like the
definition of the truncated stages of the associahedron operad in the last talk). We can
define a boundary

av'g, =V"INndT,.

Definition 5.6. An n-stage for an E__-structure on V is a sequence of maps
Y, VT, s VISV
which on a restricted domain satisfy requirements for a morphism of operads 7 —

End(V).

If you could lift an 7-stage to an (7 + 1)-stage and keep doing that forever, you would get
exactly the structure maps for an E__-ring spectrum.

Exercise 5.7. Show that a 2-stage corresponds to having a multiplication, and a 3-stage
corresponds to being commutative and associative up to homotopy.

Let’s try to do the obstruction theory, and see how far we can get.

We want to extend an 7-stage, given by a collection of maps {,, }, and we want to get an
(n + 1)-stage. We need, for all 2 < m < 7+ 1, an extension of

Yy, VT, ks VI SV
over V" T xs. V). Through sheer willpower, you can show that an n-stage actually

determines an extension of V"7 xy. V(™ using a shuffle deformation retract onto
some smaller X;’s.

Just like in the A case, there’s going to be an obstruction living in the V-cohomology
of some space. The obstruction to extending u,, lies in

VIV T, (V" T, udVT T ) xy V),

Let R =V, and A = V.V . We need to assume a universal coefficient isomorphism:
V*(V™)) = Homgk(A®", R) for all m. Using this we can identify the group where the
obstruction lives as

VI((ES Y ESE Y AT, 1T,) ky, V)
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=V SACN SRy V)
(m—1)

Z;’,;WHJ
=~ Homj, "(e - Lie), @R[ "' ]® A®”,R) (5.1)
(Here in the first step we have identifyied the layers of the bar construction, giving the
first wedge of spheres, with free £ -action. And we have used the previous results about
the space of trees, giving the second wedge of spheres with its action via the ¢ - Lie,,
representation. In the second step we have used the universal coefficient isomorphism;

the total dimension of the spheres produces a degree shift of 7—1; the dual representation
¢ -Lie}, appears because of the Hom.)

Definition 5.8. Let I' be the category of finite pointed sets and basepoint-preserving
maps. A left T-module is a functor F : T — k-modules. (Here & is a commutative uni-
tal ring.)

Given such a I-module, the machinery of Segal and Bousfield-Friedlander gives you a
spectrum called ||F||. Define
o 1=

Example 5.9. Thereisaright I-module ¢ : I'°? — &-Mod given by #(S) = Homg,, (S,%) =
Hom, (kS, k). There’s also a dual t*(S) = £[S]/k[0] (think of this as reduced chains).

Theorem 5.10 (Pirashvili). 7z, F = Tor (¢,F)

(This is the homology of some sort of bar construction.)

Example 5.11. Let R be an associative graded commutative ring, A a graded commutative
R-algebra and G a A-module. Define the Loday functor

ZL(AIR;G):T — A-Mod
[n]— A% ®, G

This should remind you of the cyclic bar construction. You can make this a I-module.

Definition 5.12. The I'-homology of A relative to R with coefficients in G, is
HL (A|R; G) := 7 (L (AIR; G)).
Similarly, define HT*(A|R; G) := w* Hom, (£ (A; R), G)

Define
2,4 = ¢ Licy, ®k[X)  J® F([g +1]).

The rows in this are the bar construction on the symmetric group, so the horizontal dif-
ferential is the bar differential. The vertical differential is quite complicated; in the ana-
logue for the associative case it’s related to the boundary map for associahedra and thus to
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the Hochschild differential; the version here builds in the interaction with permutations.
It can be found in p. 335 of Robinson’s £ obstruction theory paper.

There is a noncanonical isomorphism
H (Tot=(F)) = n F.
Definition 5.13. The I'-cotangent complex is
A (AR)=Z%(A|R;R).

This is some bicomplex; Robinson shows

HT*(A|R;R) =2 H, Tot=(Homg (£ (A|R; R), R)).

If you work through what all of this means, you end up identifying
(-1) = Hom} "7 (¢ (A|R), R).

This tells us where the obstructions to existence of an extension from the 7-stage to an
(n + 1)-stage live.

You get the obstructions to uniqueness by understanding exactly what the differentials
are doing, and comparing them to the filtration of the operad.

Theorem 5.14 (Robinson). Suppose given an (n — 1)-stage u for V which can be extended
to an n-stage. Then there is a natural T-cohomology class

[6]€ HT"?"(A|R;R),

the vanishing of which is necessary and sufficient for u to be extendable to an (n + 1)-stage.
If HT™'=" =0 for all n, this is unique up to homotopy.

(Actually there’s a more precise version of the uniqueness statement that allows you to
say something about the uniqueness of extension to each stage.)

5.1. Appendix: Analogy with ordinary homology (by Dylan Wilson). 7hisis Dylan’s
response during an informal questions seminar, when asked to give more intuition for T-
homology.

The main goal is to get tools to study and build algebras and maps between them. I claim
there’s an analogy with spaces as follows:
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Spaces E_ -algebras
X A
Sing Loday functor
singular chains I'-module associated to A, M
ordinary homology I'-homology

In the world of spaces, you have a space X and look at the singular construction Sing :
A°? — Set sending » — Hom(]A”|,X). On the algebra side, let A be an E__ algebra;
we have a functor Fin — Sp sending S — A"S. This is called the Loday functor. It is
symmetric monoidal up to coherent homotopy.

On the space side, I can make Z[Sing(X)]®, M. The E_ analogue is the functor Fin, —
Sp — k-mod? sending S, — A®S @ M. This is the [module associated to A and M.

On the space side, given Z[Sing(X)]®, M I could either take 7 (—) or the homology of
the normalized chain complex on this. On the algebra side, I want to get a spectrum ||A]|
and compute its homotopy groups, or equivalently get a chain complex (the I-cotangent
complex) and compute its homology.

TALK 6: T-HOMOLOGY I: PROPERTIES AND CALCULATIONS (Robin
Elliott)

Outline:

(1) Properties
(2) Calculations
(3) Application

Let A be a commutative algebra over a commutative ring R, and M a A-module (£, could
replace commutative). We will consider HT'(A|R; M).

The point is: given a homotopy associative and commutative ring spectrum E, take A =
E E,R=FE_,M=E, . The obstructions to lifting an 7-stage live in HT*(A|R; M).

6.1. Properties. I'll write most of the properties for homology, but they all work for
cohomology as well. T'll switch notation temporarily so B is a commutative A-algebra,
and M is a B-module.

(A) (LES in coefficients) Given 0 — M’ — M — M" — 0 we get a LES
- — HT,(B|A;M") — HT,(B|A;M) — HT,(B|A;M") — HT,_ (B|A; M) — -

This comes from the SES on the I' cotangent complex.
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(B) (Transitivity LES) Given inclusions A C B C C of algebras and M a C-module, there
exists a LES

= HI,_ (C|B;M)— HI(B|A;M) — HI,(C|A;M) — HT(C|B;M) — --- .

(C) (Flat base change) Suppose we have a flat map A — B and amap A — C. Let M be an

B ®, C-module. Then

HT (B® C|C; M) = HT (B|A; M),

(D) (Vanishing for étale algebras) If B is an étale A-algebra and M is any B-module, then

HT.(B|A; M) =o.
(E) (Flat additivity) Let B and C be flat A-algebras, and M a B ® ; C-module. Then

HI (B®, C|A;M)= HT,(B|A;M)® HT (C|A; M).
(F) If B contains Q and M is any B-module then
HT,(BIA; M) = AQ.(BIA; M)

where AQ is André-Quillen homology (will be defined in a few talks). In general,
there is a map between these.

(G) If X is a chain complex of flat k-modules, and 6 is an E_ -operad, there is a free
E_.-algebra on X given by

FX=X &P 6(n)®y X°".
n>1
Then
HT (FX |k; M)= H.(X; M).

There are different methods of constructing I'-homology and I'-cohomology, and these
properties come from constructing it in a different way. You can get better properties for
strictly commutative algebras.

6.2. Calculations.

Theorem 6.1. Let k be a commutative ring with unit and G a discrete abelian group. Let
k[ G denote the group ring. Note k is a k[ G] module where each g € G acts as 1. Then

HT.(K[G]k; k) = Hk HG.

The idea is we want to use HT being the stable homotopy of the relevant I-module. For
the group ring, you can explicitly write down what the Loday functor is in a slightly nicer
form. Then there’s a comparison to a cubical construction that Eilenberg did in the 50’.
This is the one hard hands-on calculation.

We’re only going to use this for the case G = Z.

Proposition 6.2. Let A be a commutative angmented k-algebra, G an abelian group such
that k[ G] is étale over A. Then

HT (Alk; )= HT (k[G]|k; k)= Hk HG.
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Proof. We have k C A C k[G] and the second inclusion is étale. So we get a transitivity
LES

< HT, (k[ G|A;A) — HT,(Alk; k) > HT, (k[ Glk; k) — HT (k[ G]|As k) — ...

s
1

0 0

O

Corollary 6.3. k[Z] = k[x,x™"] is étale over k[x], and so
HT (k[x]|k;k)= Hk HZ.

Definition 6.4. Let L be a K-algebra for a field K. L is étale over K if L = [0 L; Where
L, is a separable extension of K. More generally, if A is a ring, then B is étale over A if
B is flat over A and of finite presentation and §25 4, = 0. (Or, you could say that the field

definition is true at every geometric point.)

Definition 6.5. If A is a commutative k-algebra which is essentially of finite type[|then
say A is smooth if for all p € Spec A, there exists f ¢ p such that we can factorize &k — A,

ask — k[x,...,x,,] iAf where ¢ is étale.

(Geometrically, “at every point you look like a polynomial algebra.”)

Theorem 6.6. Let A be smooth and angmented over k. Then
HT(Alk;k)= P HkHZ.

dim, Q}q/k®k

Proof. We have A C A C A; where the second inclusion is étale. By the same argument

as before, HT, (A |k; k) = HT.(Alks k). The triple k — [x,,...,x,] 5 A has ¢ is érale
(by smoothness) and so the LES gives
HT (Alk; k)= HT, (k[x,,...,x,,]|k; k).

6.3. Application: Lubin-Tate spectra from Honda formal group laws.

Goal 6.7. There is a unique E_ -structure on Lubin-Tate spectra from Honda formal
group laws.

(Why care? Honda formal group laws are particularly nice formal group laws that we
can actually write down more than we normally can.) By Theorem |5.14] we just need to
show that HI*(E _E|E ; E,)=0for all s > 0.

3A is essentially of finite type if it is a localization of some finitely generated k-algebra
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Fix a height 7 and let E denote the Lubin-Tate spectrum for the Honda formal group law
of height 7. Here are some properties of this spectrum:

() E, =W(F,)[[#,-.,4,1]][#*] (for |#;| = 0 and |#| = 2) has a maximal ideal m :=
(psthys...,n, 1), and E*/m:Fp,,[ui].

(2) E,E isflat over E,.

() ELE/mZEE[/m®; 1 E,/m.

n_q n n
#4) E,E/m=F,, @ F .[ag,a,ay,...1/(a] " —1,al —a,a] —a,,...)
p OF, Tp

Reference: Rezk’s notes on the Hopkins-Miller theorem (e.g. 17.4 for the last fact).
Lemma 6.8. 7o show vanishing, it is sufficient to show HI™*(E E|E;E, /m)=0.

Proof. We have the SES
0—m?/m S E /m*! S E /m? 0.

This gives a LES in the coefficients of HT*(E,E|E,;—). We know that m? /m?+! is finite-
dimensional over E, /m, so by the assumption in the statement we have

HT*(E,E|E;m? /m%1)=0,  foralls>0andd >0.

Then by induction and assumption for d = 1, the LES shows that HI*(E,E|E ; E, /m%) =
0 for all d > 1. Now we have a SES

O—>E*—>1_[E*/md I:fl_[E*/md —0

d>1 d>1
where s is the shift map. Now the LES gives HI*(E E|E ;E,) =0. O

Proof that HT*(E E|E ;E,/m)=0. I claim that
HT*(E.E|E_;E /m)= HT*(E.E /m|E. Jm;E, /m)
by flat base change along
E ——FE /m

]

E.E—E.FE/m
We can also do flat base change along

E,Jm —2 4 F /m

L]

E.E/m —— E.E/m

(we know it’s flat by explicitly writing £, /m =F ,[#*] and E;/m = F ). So the above
is HI"(EGE /m|Ey/m; E, /m). We have that E,/m = F ,,
of étale algebras, and so this is zero. O

and E,E /m is a tensor product
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TALK 7: T-COHOMOLOGY II: APPLICATION: KU HAS A UNIQUE E_
STRUCTURE  (Pax Kivimae)

Theorem 7.1. Let E be a homotopy commutative ring spectrum that satisfies

E*(E"*)=Hom, (E,E®* E).
In this case, E has a 3-stage structure antomatically, and the obstruction to extending an n-
stage structure on E to an (n+1)-stage lies in HU"*~"(E E|E,,E.). Obstructions to unique-
ness lie in HU™' ™ (E E|E_,E.).

Here are two results that we won’t prove.
Theorem 7.2 (Richter). BP has a (2p* + 2p — 2)-stage structure.

Theorem 7.3. If E has an n-stage structure for n > p, there exist Dyer-Lashof operations Q;
on H,(E;F,) fori <n—p.

So you get some cool operations on BP that you can try to compute. But ’'m not going to
talk more about this. The main goal of this talk is the following application of Theorem

Theorem 7.4 (Baker-Richter). If E = KU, KO, the Adams summand E(1), or completed
Johnson-Wilson theory E(n), then E has a unique E . -structure.

I’'m going to focus on the case of KU. By the obstruction theory result, our main goal is
to show:

Goal 7.5. HT*(KUKU|KU;KU,)=0for n> 1.

I'll need some properties of HI™, which are corollaries of the properties about HT, Robin
talked about:

(1) ForaSESO— M — M’ — M” — 0 we get a long exact sequence on HT*.

(2) HT*(Alk; M) =0 if A/k is formally étale (remove “finite presentation” in the defini-
tion of étaleness).

(3) If B is flat over A, then HT*(B®, C|C; M) = HI*(B|A; M).

(4) If B and C are flat over A, then HI*(B®, C|A; M) = HI*(B|A; M) @® HI*(C|A; M).

(5) If A contains Q, then HI*(B|A; M) = AQ*(B|A; M).

Remark 7.6. If B is smooth over A then AQ*(B|A; M) =0 for * > 0.
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7.1. Continuous HT (and general lemmas about I'-homology). You can modify I'-
homology to form continuous I-homology in the same way that you have to modify
group cohomology to make continuous group cohomology for profinite groups.

If A, B, and M all also have a topological structure (e.g. the m-adic topology on a profinite
thing), then Z(B|A; M) inherits a topology, and we can consider continuous linear maps
Hom,, and define

H!(B|A; M) := H*(Hom,_(E(B|A); M)).
You want to commute cohomology with limits, but you can only do that via a Milnor
exact sequence:

cts

Lemma 7.7. Let m C A be a maximal ideal. Equip A and B with the m-adic topology. If M
is a complete, Hausdorff module over A, we have the following SES.

0— lim'(HT" (B /m*; A /m"; M /m*)) — HT(BlA;M) — lim HT*(B/m*|A/m*; M /m*) — 0,

In all the cases we care about here, the lim! term will vanish; this is a consequence of
a general vanishing theorem that only makes assumptions on the (m-adic) topology on
these things (see Theorem 1.1 in the paper).

Lemma 7.8. Assume the same setup as the previous lemma. Suppose A is Noetherian and B,
is countably free over A,,,. Then

HT'(B|A.;M)= HT*(B,.|A_ ;M) = HT*(B|A; M).
Now we introduce the main hammer that we use to hit these things with.

Theorem 7.9. Let A be an augmented Z-algebra. Suppose:
(1) A, is free on a countable basis over Z,, for all p.

(2) A p* is formally étale over Z] p* for all p, k.

Then ~
HT*(A|Z;Z)= HT" ' (AQ Q|Q;Z/Z).

Here Z = h(_mZ/n By the Chinese remainder theorem, we have 7= 11 Zp.

Exercise 7.10. 2/ Z is a Q-vector space.

Proof of Theorem[7.9 Consider the SES 0 — Z — Z — ZJZ — 0. If we knew that
HT*(A|Z;Z) = 0, then the LES associated to this SES would show that HT*(A|Z;Z) =
HY*"YA|Z;Z/Z). Since Z/Z is a Q-vector space, this is HI* /(A ® Q|Q; Z/Z).
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So we just have to show that HF*(A|Z;2) =0. By Lemma we have
HT*(A|Z;Z) =] |HT"(A1Z:Z,) =] [HT/(A,1Z,;Z,).
b4 b4

By Lemma it suffices to show that HT*(A/p*|Z/ p*;Z/ p*) = 0, and this follows by
the second assumption in the theorem together with property (2) of HT. O

We’re going to apply this to show that HT*(KU KU|KU,;KU.,) is zero in the right de-
grees. First we need to know more about KU, KU.

7.2. Structure of KU KU. We know that KU is a 2-periodic spectrum made up of
spaces ZXBU,U,ZxBU,... Wehave KU (KU) = colimKU _,,(BUXZ) = colimKU (BU).
Look at the AHSS

H,(BU;KU,)=Z[ B, B,,... 7] = KU (BU).

Since |3;| = 27 and | B] = 2, all the odd parts of the spectral sequence vanish, and so the

spectral sequence collapses. This shows that KU (BU) is even-graded and torsion free. In
particular, KU KU = KU KU ®K U, and there is an injection KU KU — KU KU ®Q.
Since the coefficient ring of K-theory is a Laurent polynomial ring, we can apply the
general fact[7.11]below to show that KU KU ® Q = Q[#*,v*] where |#| = |v| = —2.

Fact 7.11. (E.F)®@Q=(n,E® 7 F)®Q.

So we have an injection KU KU — Q[u#*,v*]; which polynomials do you get? It turns
out that you can describe KU KU as the set of polynomials f(#,w) € Q[#*,w*] such

that for all b, h € Z\ {0}, f(kt,ht) € Z[ 77, t*].

The description of KU KU that will be most useful to us is the following:

Lemma7.12. Let A, C Q[w*] bethe Z-module generated by c, (w) = (j‘j) = w
Define A = Aj[w™'] and A** = AS' @ Z[u*]. Then

KUKU = A3t

KUKU=KUKU @KU, = A",

The idea is the following:

Step 1: Show that KU(CP*) = {f(w) € Q[w] : f(w) € Z} =: A’ by first using the
Chern character in cohomology K U°(CP*®) — H*(CP*°; Q) = Q[[x]] which
sends n—1 to e*—1 where 7 is the canonical bundle, and then dualizing (finding
polynomials that pair integrally with e* — 1).

Step 2: Use pure algebra to show that A’ is generated by the c,(w)’s (i.e. A’ = Ay).
Step 3: Show that the natural map K U,(CP*) =K (BU(1)) - K(BU)=Z[3,, 3, ---]
sends ¢,(w) — f3,. So KU,(BU) = Z[c,(w) : n>0].
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Step 4: Show that the map A, — Ky(BU) induces a map from Ay[w '] = colim(4, =

Bott Bott

Ay > ...)to KUKU = colim(KU,(BU) = KUy(BU) = ...), which is an
isomorphism.

(This comes from 1.3 in Baker-Clarke-Ray-Schwartz, “On the Kummer congruences and
the stable homotopy of BU”.)

Remark 7.13. Hom(KU,KU,R) = Aut(F,;,)(R).

m

Now we can start working on Goal
HT"(KUKU|KU;KU) = HI"(KU,KU @ KU |KU;KU.)
~ HT* (KUK U|Z;KU.)
~ HT (KUK U|Z;Z) ® KU,
= HIY(AY|Z;Z)® KU,
To get the obstruction theory to work, it suffices to show HI*(A}'|Z;Z) =0 in the right

degrees. Since Ay — A} is an ¢étale extension, we can use properties (2) and (3) to reduce
to showing:

Goal 7.14. HT*(Ay|Z;Z) =0 for x> 1.

Checking the conditions in the theorem is a bit messy (see below), but if you assume for
a moment the theorem applies, we have

HT*(A,|Z;Z) = HT" (A, ® Q|Q; Z/Z).
We know that there is an inclusion Ay — Q[w], and ¢,(w) = w, so rationalizing this in-

clusion turns it into an isomorphism. So now we have that this group equals HT*"(Q[ % ]|Q; Z /Z).
We could use the theorem mentioned last time to compute this; alternatively, we can use

(5) to show that this is zero for  # 1. In particular, there are no obstructions to existence

and uniqueness.

It remains to check the étale-ness condition in Theorem[7.9] namely:

Claim 7.15. A,/ p* is formally étale over Z ] p* for k > 1.

We can express ¢,(w) in terms of a generating function: (14 x)* = > ¢, (w)x”. Since
(14+x)*(1+9)® =(14 (x+y+xy))* we have

(S )(Zen@n™) =S @) +y+xy)-

The coefficient of x”y™ is

c,(w)c,,(w)= ("+Zl+1)cn+m(fw) + (lower-degree terms).

I'm a little confused here; I think the idea is that the “lower-degree terms” are supposed to go
away mod p? Sarah has pointed out that for p =n = 2,m = 1, we get ¢,¢; = 5¢5 + 4¢y. -
Eva

48



We will show that A ) is étale over Z( ) The claim is that there is an additive basis for
A (w) where m =37 a; p'.

n C“L

yover Z ) given by [T7_, p*

P

To show this, let’s first do the simpler task of computing a basis for A,/ p over Z/ p. Recall
we had generators ¢, (w) = (f;) = w of Ay as a Z-module.

There is a surjection F [ c,,(w)] — Ao/ p. Here I think you’re using that c ,.(w)c,,(w) =
Cpnim (W)Y for a constant v, which I don’t know how to prove and is probably only true mod
p. Since (14x)? = 14x? (mod p), we have ((14+x)%)? = (14x)*? = (14+x? + p(j (x)))*
for some polynomial j. We have

(ch(w)x”>p =2 (@)% +p((x)",

so, modulo p, we get > ¢, (w)’x?" =3 ¢, (w)x?" and

(0 = (®) (mod p).
In particular, the surjection F [c,.(w)] — Ao/ p factors through Fp[cp,,(w)]/(cﬁ,, —Cp),
and the claim is that now it’s an isomorphism. In particular, since F,[x]/(x? —x) is étale
over F, we’ve verified étaleness for & = 1. For & > 1, you need to apply the infinite-

dimensional Hensel’s lemma to lift these generators to ones that satisfy the same relation
modulo higher powers of p. The upshot is

Ao/ple = (Z/pk)[cp”,k]/<cﬁn,k _Cp",k)

for some new elements Con -
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PART II:
TOPOLOGICAL ANDRE-QUILLEN HOMOLOGY

Interlude: Informal introduction to TAQ  (Dylan Wilson)

This is Dylan’s response to a request to provide more intuition behind T AQ, delivered during
an informal questions seminar.

One way we can study a space is via its Postnikov tower:

TSIX
X — TSOX

Given an E__-ring A, we will see that there is an analogue

T A
A—— 1A
This has the same underlying spaces if you forgot the structure.
On the space side: if you’re lucky (e.g. when X is simply connected), the fiber K(7, X, 7)
of ., X — n_, ;X deloops to K(7, X, 7 +1). There is a homotopy pullback diagram
K(m,X,n) — 1, X —— E(...)
Tep X — K(r,X,n+1)

and the obstruction to a lift

TSnX

Y —> Tep X — K(r,X,n+1)
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is an element in H"*(Y, 7, X). (The bottom row is a fiber sequence.)

On the algebra side, our tower looks like

TSIA

/|

A ’L'SoA YHmA

and t_,A— 7_,  Alisasquare-zero extension, hence it is classified by derivations; these
derivations are what we define TAQ to be.

Remark (Maria). The map 7_,A — XH 7 A factors through AVXH 7, A. If you want to
lift an algebra map B — t_yA to any old map B — 7_,A, then you just need the composite
B — XHm A to be null. If you want to lift an algebra map to another algebra map, you
need the stronger requirement that B — AV X H 7, A be null.

TALK 8: QUILLEN COHOMOLOGY  (Eric Berry)

We’re mainly going to talk about André-Quillen homology. This is really what motivated
Quillen to invent model categories. The main idea here is to think of homology as the
total left derived functor of abelianization. The outline is:

(1) Quillen homology

(2) André-Quillen (AQ) homology, which is just Quillen homology for commutative
algebras

(3) Extension to algebras over operads

Let %6 be a category with binary products and a terminal object *.

Definition 8.1. An abelian group object in 6 is an object X € €, together with an oper-
ation, u : X x X — X, a unit map, ¢ : * — X, and an inverse map, inv : X — X, such
that the expected diagrams commute.

Let 6,;, denote the category of abelian group objects in 6. For example, if € is the
category of sets, then 6, is the category of abelian groups. An important observation is
that if 6 is the category of commutative k-algebras, for some commutative ring k, then
6, consists of only the trivial k-algebra.

Suppose 6 and 6, have model structures, and suppose that the forgetful functor 6,, —
% has a left adjoint that forms a Quillen adjunction. This left adjoint is called abelianiza-
tion.

Definition 8.2. The Quillen homology of X € 6 is the total left derived functor, LAb(X),
of the abelianization of X.
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Quillen was trying to attain a suitable homology theory for commutative algebras, but
as we saw above, the only abelian group object is the trivial object. However, this issue
can be resolved by augmenting.

Let k£ be a commutative ring, and let A € CAlg,. Then, it turns out that the forgetful
functor (CAlg, /A),, — CAlg, /A, has a left adjoint, namely the abelianization, that pro-
vides for a suitable homology theory. To construct the abelianization functor, we need
some definitions.

8.1. Derivations and differentials.

Definition 8.3. A k-derivation of A valued in M is a k-linear map D : A — M that satisfies
the Leibniz rule:

D(ab)=aDb+bDa.

Let Der, (A, M) denote all such derivations. It turns out that Der,(A,—) is representable,
i.e., there is some A-module 2, n such that

Homy (05, M) = Der, (A, M).

Definition 8.4. This object 24, is called the module of relative Kiibler differentials.

There are a few ways of constructing €2 .. The simplest way is to define €2, as the
A-module generated by the symbols da, for a € A, subject to the following relations:

o dla+d)=da+dd';
o d(ad')=add +d'da;
e d(aa)=ada,forack.
Alternatively, one could define 2, , to be I/1%, where I =ker(A®, A — A).

8.2. Square-zero extensions.

Definition 8.5. The object Ax M is the called the square-zero extension of A. As an abelian
group, it’s just A @ M. The ring structure is given by amap Ax M x Ax M — Ax M,
defined by

((ay,m),(a’,m")) = (ad’,am’ +a’'m).
The algebra structure is given by the algebra structure of A.

Also, projection gives an augmentation A x M — A, so A x M € CAlg, /A.

It is easily seen that a square-zero extension is an abelian group object, and:
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Fact 8.6. (CAlg, /A),, is precisely square-zero extensions.

Another observation is:

Fact 8.7. A x —:Mod(A) — (CAlg, /A),,, defines an equivalence.

Let B € CAlg, /A. Then
Homcyy, /4(B,A x M)~ Der, (B, M)
~ Homy (€ 4, M)
~ Hom, (€, ®5 A, M). 8.1)
By definition abelianization is the left adjoint in
Ab:CAlg, /A= (CAlg, /A),, : U;
because of Fact[8.7] we can also identify it as the left adjoint in
Ab: CAlg, =2 (CAlg, /A),, ~Mod, : A x —.
Therefore, shows that X — A®y 0y, (asafunctor CAlg;, /A — Mod,) can be iden-

tified with abelianization. What we’ve just done is construct our abelianization functor
Ab:CAlg, /A — (CAlg, /A),, given by:

8.3. Enter simplicial algebras. We need some appropriate model structures happening
here.

Proposition 8.8. sCAlg, has a model structure, where f : X —Y
o is a weak equivalence if it is one in s Set;

o isa fibration if it is one in s Set.

You can explicitly describe cofibrations as retracts of “free maps”, but I won’t get into
that.

Note that an object in sCAlg,, /A is just a factorization ck — X — cA, where ¢(—) denotes
the constant simplicial object.

Furthermore, this gives us the appropriate notion of resolution; you can take a cofibrant
resolution:

Definition 8.9. An object P € sCAlg, /A is a cofibrant resolution of A if it’s a cofibrant
factorization.

For example, one can just take a simplicial set and apply “free” everywhere.

53



Definition 8.10. The cotangent complex of A is the simplicial A-module defined by
LA//e = LAb(A) :A ®P QP/k’

where P is a cofibrant resolution of A.

Now, we finally have:

Definition 8.11. The André-Quillen homology of A with coefficients in M is defined to be
This is also denoted as AQ_ (A|k, M). The André-Quillen cohomology of A with coefficients
in M is defined to be

D*(Alk, M) = H"*(Hom,(NLy ,, M)).
where N is the normalization functor that takes a simplicial object to its normalized chain
complex.

8.4. Properties.

(1) Transitivity exact sequence: if A — B — C are maps of rings, then we have an exact
sequence
C®BQB/A _’QC/A _’QC/B — 0.

AQ homology extends this to a long exact sequence. This is the property that Quillen
was seeking.
(2) Flat base change also holds; this is like HT.

Note, if we did the above in the case of associative algebras, rather than commutative, we
would recover Hochschild homology.

Now, our goal is to:

8.5. Generalize this to algebras over operads. This part is just laying the groundwork
for what is needed in Goerss-Hopkins obstruction theory.

Let O be an operad in k-modules, let A be an O-algebra, and let M € Mod(A)[| The main
goal is to be able to define the cotangent complex again, because that’s how you define
André-Quillen homology. Thus, we need Kihler differentials and square-zero extensions.
The first step is to define square-zero extensions.

Definition 8.12. The square-zero extension A X M is, as a k-module, just A ® M. This
needs to be a 0-algebra, so we need to have maps

On)®(Ax M = Ax M.

*What’s an A-module? It’s just a family of ¥, _;-equivariant maps &(n) ® A”™' @ M — M that satisfy unit and
associativity conditions.
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But, we have that

n
AeM)®" =A% o GB(A@”H1 ® M) @ crap,
1=1
where crap consists of everything that has more than one M term. We don’t care about the
crap since we only care about deformations. Tossing out all the crap, we get a projection

into the non-crap stuff, and so we get a map

O(n)® (A x M)®" — ﬁ(n)@(A@’”@é( 41 @ 1))

algebra structure of A, module structure of M

Ax M.

These, again, are going to turn out to be our abelian group objects:

Fact 8.13. Objects of the form A x M are the abelian group objects.

Now, we need some notion of derivations. We can use our knowledge of the commutative
algebra case to just define this in terms of A x M.

Definition 8.14. 0-derivations are defined by Der (B, M) :=Homy,, 4(B,Ax M).

This, again, turns out to be representable, and we define:

Definition 8.15. The module of Kéihler differentials is the representing object for Der,(B,—).

You can also try to write this down explicitly; they’ll end up satisfying some form of the
Leibniz rule.

Now, we want to derive this functor, and define homology to be the derived functor of
Kihler differentials. In order to talk about derived things we need to talk about resolu-
tions, which requires us to talk about simplicial algebras over simplicial operads.

Let O be a simplicial operad. Then X € 56 is a simplicial algebra over 0 if if for all »,
X, is an O, -algebra, compatibly.

Fact 8.16. sAlg,, has a model structure where f : X —Y
o is a weak equivalence if v f : 7. X — 7, Y is an isomorphism;

e isa fibvation if the normalization Nf : NX — NY is surjective in positive degrees

Our appropriate notion of resolution is going to be a cofibrant factorization.

5Here “normalization” is in terms of the normalized chain complex a la Dold-Kan.
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Definition 8.17. The cotangent complex of Ais L5 := A®p€Lp ), where P is a cofibrant
resolution.

The AQ-homology of X is defined to be
D,(X|0):=n (X ®pQp5)=7.Lx,q-

You can also write down what cohomology is.

TALK 9: TOPOLOGICAL ANDRE-QUILLEN COHOMOLOGY I  (Daniel
Hess)

Today, we’ll focus on the construction and properties.

Let R be a commutative S-algebra, and let A be a commutative R-algebra. Our goal is to
study Quillen (co)homology in the category (CAlg,/A),,, where CAlgy /A is the cate-
gory of commutative R-algebras with an augmentation to A.

9.1. Abelianization in CAlg, /A.

Proposition 9.1. There is an equivalence
(CAlgy/A),; = Mod(d)

Proof. As before, we’ll show that the abelian objects are square-zero extensions. I'll write
down a backwards map: send M € Mod(A) to AV M € CAlgg/A (so it has the zero
multiplication). This is a little tricky; what I want is a map

(AVM)Ag (AVM) > (ANg ANV (ANg MOV (M AgA)N (M Ag M) —ANM

This can be defined by sending AAz Ato A, (AANg M)V (M Ng A) to M, and M Ny M to
x. This is the “square-zero” extension of A by M.

As in the classical case, it turns out that AV M is an abelian object in CAlgy /A (maps into
it are derivations). It is also true that every abelian object in CAlg, /A is a square-zero
extension. Therefore M — AV M is an equivalence. O

Given B € CAlg, /A, what is its abelianization?

Recall that in the classical case, the answer is A @ Qx(B). The way you can define Q4(B)
is as Qz(I3(B ®g B)), where I is the augmentation ideal, and Qj denotes the indecom-
posables. I'll now define what “augmentation ideal” and “indecomposable” mean in this
context.
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Definition 9.2 (Augmentation ideal). Let X € CAlg, /A. Define 1,(X) via the pullback

L(X)——=

|

augmentation

Definition 9.3 (Indecomposables). Let N € NUCA, (the category of nonunital com-
mutative algebras over A). Define Q,(N) as the pushout

NAJN—

|

N ——— Q4(N)

Here are some remarks:
e If Be CAlg, /A, Ican consider A Ay B € CAlg, /A, with the augmentation given by
AN BES Apats Al

e Both of these functors I,(—) and Q,(—) pass to homotopy categories, and I get “de-
rived functors” RI,(—) and LQ 4(—).

Proposition 9.4. Let A,B € CAlgy /A be such that A is cofibrant and B is fibrant and cofr-
brant. Then

LQ,(RI, (AN B) = LQ4(RI(A N5 B A B)) ~ A A5 LQy(RIy(B A B))
Proof. See Maria’s paper. O
We'll write Qg (B) := LQgz(RIgz(B A% B)).

Theorem 9.5. The abelianization of B € hCAlgy /A is AN Qx(B).

The proof follows from a few facts.

(1) Tlldefine K, : NUCA , — CAlg, /A defined by N — AVN (this is not the square-zero
extension!). This is adjoint to I,; it’s also adjoint on homotopy categories, where they
give equivalences!.

(2) We can also define Z, : Mod(A) — NUCA 4 given by M — M, given the zero multi-
plication. This is adjoint to Q4, and the same on homotopy categories.

A subtle point is that the result of this theorem fails if we don’t pass to homotopy cate-
gories first! This rests on the fact that 7, and K, are equivalences on homotopy categories.
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Definition 9.6. Let A € CAlg, /A, and let M € Mod(A). Then the topological André-
Quillen homology is

TAQ(AR; M) = 7t (Qr(A) Ay M)
and the topological André-Quillen cobomology is

TAQ*(A,R; M) =r__F,(Qr(A), M)

9.2. Aside. Let Algy/A denote associative R-algebras augmented over A. It turns out
that

e Abelian group objects are square-zero extensions.
o (Algg/A),, = 4Bimod,,.
e The abelianization of B € Alg, /A is
(ANA) gy O7(B),

where %7°°(B) is the module of Kihler differentials in the associative case, defined
as the fiber of the multiplication B Az B — B.

The key point is that in this associative case Quillen cohomology is “essentially” the same
as THH. Why? I have a fiber sequence

QR(A) > AN AP — A.
I’ll hit this with FAARAUP (— M), and I'll get
FA/\RAOP (QR*(A), M) — FA/\RAOP (ANR AP, M) — FA/\RADP (A,M).

Now, Fy, 40(A,M) is how you define THH, and F, 4(A Ag A°?,M) = M. So the
Quillen cohomology of A, Fy, 4, (Q2%°°“(A), M) is called “topological derivations”.

9.3. Back to TAQ. Let me first give an example.

Example 9.7. Let X be a cofibrant R-module. I can form its free commutative R-algebra
Py(X)=\/, X"« /%;. Then the following result can be found in one of Baker’s papers:

Qp(PR(X)) = Pr(X)Ap X.

So that
TAQ,(Pr(X),R; M) =~ 1t (X Ag M) = XX(M).

Here’s the relationship between TAQ cohomology and ordinary cohomology. Remem-
ber that
TAQ*(A,R;M) = r_ F,(Qp(A), M).
We may consider the map
E:A-A V Qx(A) — QR(A),

where the first map is the map in CAlgy /A adjoint to the identity map of Qz(A) in
Mod(A). Forgetting structure, the composite is a map of R-modules which induces a for-
getful map to ordinary R-module cohomology

TAQ (AR M) = 7i_ Fy(U(A), M) — 7r_ Fg(Q(A), M) — 7i_ Fy(A, M) = Mi(A).
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It’s not known exactly what this maps does in general, but here’s an example that allows
you to identify the image.

Example 9.8 (Lazarev). We have TAQ*(HF,,S;HF ) - H*(HF ;F ) = ./*, and the
image consists of multiples of 3, the Bockstein. In fact, TAQ*(HF »»S;HF ) can be de-
scribed as follows (at least at p = 2): there is y € TAQ'(HF »»S;HE ), and you get all the
elements as Sq*1Sq* - --Sq* (y) where s, > 3 and the sequence (s, s,,- - ,s,) is admissible.

Let’s now talk about the relationship to AQ cohomology. In general,
AQ,(A,R; M) & TAQ,(HA, HR; HM).
A quick example: we know that
AQ k=15 “=C
0 else.
But, using some Atiyah-Hirzebruch-type spectral sequence (see (9.1)), Richter showed:
TAQ (Hk[x],Hk;Hk)=Hk HZ.

As mentioned, there is a sseq:

E;  =AQ,(Ak;M)® TAQ, (Hk[x),Hk; HM) = TAQ,, (HA,Hk; HM). ~ (9.1)

This is like an Atiyah-Hirzebruch spectral sequence because k[ x ] plays the role of a “base-
point”. This is due to Richter.

9.4. “Calculating” TAQ. Everything that was true in the ordinary case is true here. In
particular, flat (this means cofibrant) base change, additivity, transitivity LES, all hold
here.

A sort of Hurewicz theorem also holds.

Theorem 9.9. Let R and A be connective, and suppose ¥ : R — A is an n-equivalence for
some n > 1, with cofiber CP. Then Qx(A) is n-connected, and

T (A) >, CP ~TAQ, (A, R; HryA).

What’s the isomorphism? There is an identity map Qz(A) “Q x(A), which gives a map
A — AV Qx(A). 1 can compose with the projection to Qz(A), and this gives a map & :
A — Qp(A). This is the universal derivation.

Now, the isomorphism is described as follows. If I take R = A 2, Qx(A), which is
nullhomotopic, I get 7: CP — Qx(A), which induces the isomorphism.
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Let me finish off by talking about some spectral sequences. There is a universal coeffi-
cients spectral sequence

E?, =Tor[(TAQ.(A, R; A), t,M) = TAQ,(A,R; M)
and similarly for TAQ*, where you replace Tor with Ext. For coefficients in HF »
Basterra constructs a Miller spectral sequence:
E;' =Homg (2§ (F, ®5 Q*(2))(H,(A4F)),.F,) = TAQ"(A,S; HF )
where:
e A is the Dyer-Lashof algebra.

e Fisacomonad that’s associated to the free algebrafunctor {graded F ,-vector spaces} —
{unstable algebras over 2 }.

e Q%2 is the algebra of indecomposables, and
o £§(—)is acomonad F-left derived functor.

This is hard to compute!

TALK 10: TOPOLOGICAL ANDRE-QUILLEN COHOMOLOGY II  (Yu
Zhang)

Notation:
e R isacommutative S-algebra
e A isacommutative R-algebra

e NUCA is the category of nonunital commutative algebras

® GCrials CAlg, /A
e ¥, is the category of nonunital commutative A algebras
o M,=Mod,
Recall: we had three pairs of adjunctions:
Cr/a e Casa = M - My
forget i z

Now take the homotopy categories of everything in sight:

—AjA K LQ
Ho €y ——=Ho €4 Ho A} Ho %,
forget RI VA

The middle pair forms a Quillen equivalence. The other two pairs form Quillen adjunc-
tions. You have to derive the functors that don’t preserve weak equivalences.

Define Abj : Ho Gr/a — Ho M, 1o be the composite LQ RI(— A} A). Let M be an A
module, define

TAQ*(A,R; M) := r_ F,(Aba(A), M)
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For this talk, we’ll focus on Q : A, — .4 ,, which we defined via the pushout diagram
NAN—N

l

s QIN)

This is called the indecomposables functor.

We also have the “zero multiplication” functor Z : M, — N, which is what you think
it is. We also have an adjunction (Q, Z), that’s moreover a Quillen adjunction since Z
preserves weak equivalences and acyclic fibrations.

10.1. Indecomposables vs. stabilization. Let X € Top,. We have a suspension map

7,(X) RER 7,.1(XX). We can go one step further to get 7,(X) — 7,.,(£2X). And
we can go on. By homotopy excision, the sequence of suspension maps will eventually
become all isomorphisms. In particular, the sequence of homotopy groups will stabilize.
Define

70,(X) = colimy_, o, 7,44 (Z°X)
The colimit is actually achieved at some finite stage.

Here’s another way to look at it, using the adjunction (X, ). The suspension map 7,,(X) —
70,41(XX) is the same as 7, (X)) — 7, (22X induced by the unit map X — QXX Simi-
larly, 7, (X)) — 7,,,(32X) is the same as QXX — Q?¥2X, again induced by the unit.
We therefore have a sequence of maps X — QXX — Q*3?X — ---. Now we can define
the stabilization of X to be

Q(X)=colim, QF kX,

(Note that we’re writing Q to distinguish from our indecomposables functor Q.) Then
7,(QX) = colim,, 7, (T X) = 75 (X).

Now, we’ll work in .4}, which is a simplicial model category. It is equipped with a
suspension-loop adjunction (E,Q), where £ := —® S! and Q := hom(S',—). We can
define stabilization:

Definition 10.1. Let
QN = hocolim,_,_  Q*E*N.

Note that E is different from ¥ in .4, but Q is the same. In particular, 7,(X) =
7,.1(EX) forall 7, but this is not always true for E. Similarly, 7z,,(QN) = colim,_, ., 7, , E*N.

Let’s now consider a special case: if M € 4, we can let NM be \//e>0 M®) /3, Thisisthe
free A-nonunital commutative algebra. Then Q(NM) =M, and we have the following.
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Theorem 10.2 (Basterra-Mandell °05). If' A and M are both cofibrant, the natural map M —
NM — QNM is a weak equivalence. In short, there is a weak equivalence:

Q(NM) ~ QNM

Here’s some intuition from Maria Basterra about why you might expect indecomposables
to agree with stabilization. Suppose X is n-connected; then it turns out that the map
X — QX is (2n+1)-connected. So colimQ”E”X — colim, ”QE”X is an equivalence.
You can show that QEX ~ QX and so colim, Q"QE”X ~ Q"Y"QX, but that is just
equivalent to QX because QX € Mod, and Mod, is already a stable category.

How about the homotopy excision theorem?

Theorem 10.3 (Ching-Harper *16). There is a theory of higher homotopy excision and
Blakers-Massey theorems for structured ring spectra.

10.2. Q for nonunital £, -A-algebras.

Definition 10.4. Let 6, denote the little 7-cubes operad. An E, -A-algebra is an A-module
M together with structure maps

(gn(m)+/\2m (M/\A"'/\AM)_)M, mZO

satisfying usual conditions. If we only require structure maps for m > 0, we get the
notion of a non-unital E,-A-algebra.

We still want a (Q, Z) adjunction. Let A 62 be the category of nonunital E -A-algebras.
We define the zero multiplication functor Z : 4, — N 64. By giving M the structure
map 6,(m), Ay, (M Ay---AgM)— M, defined to be trivial for m > 1, but for m =1,
we define 6,(1), AM — s, AM ~ M (ie., you send 6,(1) to the point). Now each
f € 6,(m) gives an m-ary multiplication function M A --- Ay M — M.

For nonunital commutative A-algebras, modding out by the decomposable part is the
same as modding out by the binary product. However, for nonunital £, -A-algebras, mod-
ding out by the binary product is not enough: we need to mod out all 7-ary products.

Question: what is the difference here?

Example 10.5. Consider the little 2-cubes operad C,, and the C,-space 2°X. Let f €
C,(4) be
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Let 2, B,y,8 € X =Map(§%,X). Then a®; B®; y ®; & (i.e. multiplying these four
elements using the multiplication f) is:

But since f can’t be separated by any two cubes, ®; S ® y ®, & can’t be written as a
binary product.

Definition 10.6. For N € A 64, define Q(N) via the coequalizer:

[6.0m), A5, N™ Lno QN)
4

m>0

where f is given by structure maps, and g is trivial for m > 1 and for m = 1,it’s 6, (1) . A
N =+, AN~N.

Remark 10.7. For the m = 1 level, we’re taking the 6,,(1)-orbit of N. Similarly, we have
(Q,Z) which form a Quillen adjunction.

10.3. Bar construction for nonunital E -A-algebras. Recall that given a group G, the
classifying space BG is B(x, G, %), i.e., the realization of the bar construction:

— —
Xk ——=xXGX* == xXGxGxx

To define the bar construction for N € A ‘51‘4, we face two difficulties:

e N has no identity element, so we don’t have degeneracies. This is not really a problem
though because we can freely generate a simplicial object.

e N has no associative multiplication structure. For instance, think of loop spaces,
where loop concatenation is not associative, but it is associative up to homotopy.
But we can make it associative. The question is how? Recall the Moore loop space.
For X € Top,, the Moore loop space 2'X is the subspace of X®>0 x R consisting
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of pairs (e, r) such that w(¢) = 0 for # > r and ¢t = 0. For concatenation, define
(coq,71) (s, 7y) = (e, 7y + 7,), where

_J(t) <,
wm_{w;(t) t>71.

In this case, loop concatenation is associative.
Using a similar idea, we can make P, AN associative, where P =(0,00) CR. Let

]\Nf:PJr AN, and define
S m— N E NA A N
Take 5 5
BN =] J(N)"™ ALPA" [~
m>0
to be the geometric realization.

Interesting things happen when we iterate the bar construction:

Theorem 10.8 (Basterra-Mandell *11). Let N be cofibrant. There is a weak equivalence
B"N ~S"QN.

We can use the iterated bar construction to compute the indecomposable parts.

TALK 11: OBSTRUCTION THEORY FOR CONNECTIVE SPECTRA (Leo
Herr)

This is going to involve some definitions that we’ll get to in a bit.

Magic Fact 11.1 (Kriz). Let R be a connective commutative S-algebra, and let A be a
connective R-algebra (not necessarily commutative). Then there exists a Postnikov tower
of R-algebras A;

such that:

A, L . .
(1) m,A = m,A; is an isomorphism for 0< k <
) m, A, =0fork >
(3) The fiber sequence _

S HT A= Ay — A

is an “extension” of R-algebras associated to a derivation. This gives rise to an element
k. € TDery(A;, X ' Hr,;  A). I Ais commutative, then k; | € TAQ'(A;, X' Hr
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11.1. Q*°¢, TAQ and T Der. Notation:

o Cijyis the category of associative R-algebras over A

e 1/, p is the category of (A, B)-bimodules

Recall we have functors AV —: 4, , — C;S/SA sending M to AV M. We have

(AVMY? =(ANA)V (ANM)NV (M ANA)N (M AM).
Take the map that sends the first piece to A, the second two pieces to M (all via the action

or multiplication) and the last piece to zero. (Think about C[¢]/e? ~ C @ ¢C.) We will

describe the (topological) Kihler differentials €23°(B), which satisfies
hCRy (B, AN M)~ bty 4(6°(B),M).

If B is a cofibrant object in C%%,, then define 3° as a cofibrant replacement for the fiber

R/A?
in
Q5 —BAB? 5B
and define
QP(B)=ANA"P Ngppop Q5.
Define

TDerg(A,M)=F,,4,(5°, M),
TAQR(A,M)=F,(Q™™, M).

11.2. Obstructions. Suppose you have a lift from X to the i*” Postnikov stage 4;, and
you want to find obstructions to getting a lift X — A, ;. If we were working in the
normal world of topology, we would be looking for a lift

A —

X - A, >I
where I = S Hr;  Ais the fiber of A, — A;. You get a lift iff X — A; — I is null;

in topology, this corresponds to a class in H'*?(X; 7, ,A).

Now let’s see what happens in the world of R-algebras. Let A be a cofibrant R-algebra,
Ie M, ,andd : A— AVXEI. The map d will play an analogous role to the map A; — X1
to the Eilenberg-MacLane spectrum. Let ¢ be the inclusion of a summand A - AV X1.

Let B be the homotopy pullback in:
B—A

l, I

A—L  avyr

The homotopy fiber of the upper horizontal arrow B — A is I. The homotopy fiber
sequence I — B — A is called the (topological) (singular) “extension” associated to the
derivationd : A — AV XI.
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Theorem 11.2. Let X be a cofibrant R-algebra. Suppose we have a map X EN A. Then there
isalift X > Bin
B—A

X — L>AV21

iff the induced derivation

X LAab AVl eTDer'(X,1)

is homotopic to zero.

If at least some lift exists in the fibration Map cas (X,B)— Map ca (X,A), the homotopy
fiber over f (i.e. using f as a basepoint) is weakly equivalent to Q°TDerg(X,1).

Slogan: “In one degree you should have obstructions, in the degree below that you have
‘how many are there’, and in the degree below that there are automorphisms.”

11.3. Magic fact proof sketch. So how do you actually construct the A;’s? “Gluing
cells” gives a map A — A, := H A which is the identity on 7,. (Idea: kill all the higher
homotopy groups as you do in the normal Postnikov tower, but you need the small object
argument.) (Note it’s really important that it’s connective - otherwise where do you
start?) Dugger and Shipley show that you can proceed similarly, but you don’t get the
extensions perspective.

Inductive step: given A; by Dan’s TAQ I talk,

0 k<1
nijflS/A ={mA klz 1+1
? else.

S

Now glue cells to 2 to get a map k,; : 0 a SH2Hm, A. Now k, ., is the required

derivation in TDer'(4;, X' Hr, | A). (I use a relative version of the Kihler differen-
tials; basically you do the exact same thing but with €, —AAg A — A instead.)

11.4. Applications: E, genera, moduli of A__-structures. I'm borrowing heavily from
a talk by Mandell.

What is a genus? Answer: an assignment j : M — j(M) € R from manifolds with extra
structure that is “cobordism-invariant™: j(M)=0if M = W.

What is R? A group, a ring, a graded group or ring,...but it could be 7, of an (ideally
multiplicative) cohomology theory.

What do I mean by “extra structure”? Let me describe two things which are miraculously
cohomology theories. Let M SO, (X) denote oriented manifolds over X and x is just the
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dimension of the manifold, modulo dW. (It’s a little tricky once you start amping up
the extra structure to specify what structure you need on d W, but let’s not worry about
that). There’s also MU, (X), “stably almost complex” manifolds M over X, again modulo
Jd W, again graded by the dimension of the manifold.

M always embeds into RN for N >> 0 and we consider the normal bundle of this em-
bedding. For various large N, take the colimit of these normal bundles over the diagram
given by the maps RN < RN, N’ > N. Putting an almost complex structure on the

colimit bundle is precisely a “stably almost complex” structure on M, constituting an
element of MU,, or MU,(X) if M has a fixed map to X.

A (cohomological) genus j is a map of multiplicative cohomology theories SO — R or
MU — R, where R is some multiplicative cohomology theory.

Observations: MSO and MU are E__-rings (alternatively, commutative S-algebras).

Which genera are maps of E__-rings? E; = A -rings? E -rings?

Theorem 11.3 (Mandell, Chadwick). Let R be an E,-ring and suppose 7t, R =0 for odd n
(we sometimes call this “even”). Any map of E,-ring spectra MU — R lifts to one of E,-ring
spectra. If% € 4R, then MSO — R also all lift to E,.

Corollary 11.4. The Quillen idempotent MU — MU is (can be lifted to) an E,-ring map.
So BP is an E,-ring (although more is known. .. ).

Proof sketch. You can use obstruction theory to get to E;; assume our map is already E;.

Consider the forgetful map from E,-ring maps to E,-maps. Take 7, in particular 7ry;
we’re going to show it’s surjective. Recall the Pontryagin-Thom setup:

e BU(n) classifies C"-vector bundles

e PU(n) is the universal U(n)-space (which is contractible)
e EU(n) is the universal C”-vector bundle

o TU(n)=PU(n), Ay, S

e MU =colim,~*?"TU(n)

Define the Thom diagonal on the spaces TU(n) — TU(n) ABU(n),; I can take the
suspension and deloop to get the map MU — MU Ag BU, . Precomposition with this
Thom diagonal yields a map R*MU @ R*X°BU — R*MU.

In other words, thedata f : MU — R, g :ZfBU—>RgiverisetoMU—>MU/\BU+fi>g

RAR 5 R. ’'m mostly interested in fixing some f € R*M U; then you get an induced map
R*YPBU — R*MU. The Thom isomorphism theorem says that this is an isomorphism.
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If Ris E,, ,, the multiplication map RAR = R is E,,. Suppose the fixed map f € R*“MU
is E,. The map MU — MU ABU,_ is always going to be E_,. If g is E,, then MU A
BU, - RARisE,. Let &, denote E, -ring maps. We have an action of &,(X°BU,R)
on &,(MU,R). An E, -refined Thom isomorphism yields that, when we may fix f/ €
&,(MU,R), the induced map &,(X°BU,R) — &,(MU,R) is an isomorphism.

Consider R connective (you can reduce to that case). Look at the Postnikov tower; I claim
you will get a spectral sequence by trying to lift

R

n

A%R

n—1

that computes 77,8, (A, R) for arbitrary A. The spectral sequence is
bé"n/HnOR(A,HnOR VX’Hr,R) = g 1, (A R).-

The E, -refined Thom isomorphism gives an E,, H 7t R-algebra isomorphism

HroRAMU ~Hro,RALZBU.

Substituting both sides into the spectral sequence above gives an isomorphism on E*-
terms and of
7,6,(5°BU,R)~ 71,8,(MU,R).

A computation for BU shows that the map on 7, from E,-maps to R to E;-maps is sur-
jective. Then so too for MU. Hidden in our assumptions was that R was E, , , i.e., E;,
but a careful argument reduces to R being E,. O

TALK 12: APPLICATION OF TAQ: BP IS E, (Guchuan Li)

Unlike the previous material in this document, which is comprised of scribe notes from talks,
the notes for Talk 12 are written by Guchuan.

The content is mainly based on the first five sections in Basterra and Mandell’s paper “The
Multiplication on BP”. Some notations are different from the ones (those in parentheses)
in the paper to keep consistent with previous talks. This is a talk based on previous ones
but I tried to make it more self-contained.

12.1. Outline. The goal for the talk is to prove the following theorem.

Theorem 12.1 (Basterra-Mandell). BP isan E,-ring spectrums the E,-ring structure is unique
up to automorphism in the category of E,-ring spectra.
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Corollary 12.2 (Basterra-Mandell). The derived category of BP modules has a symmetric
monoidal smash product Ngp.

Remark 12.3. In Pax’s talk, we have seen that BP admits a (2p? +2p—2)-stage structure.
The relationship of this result to Theorem is not understood.

The strategy is to lift E, structure along the Postnikov tower by checking certain proper-
ties of obstructions lying in TAQ.

12.2. TAQ & Postnikov towers for E, ring spectra. We have seen TAQ in various
settings in previous talks and Postnikov towers in R-modules in the last talk; here we will
work in E, R-algebras and develop Postnikov towers in E, R-algebras compatible with
the R-module ones with k-invariants in (E,) TAQ. This will be the main machinery for

the proof of Theorem|[12.1]

12.2.1. Setting. Let R be a connective commutative S-algebra, A be a connective commu-
tative R-algebra and M be a A-module. Here we ask for connectivity because we will need
a place to start the Postnikov tower. In the application, we will take R =§,), A= HZ,,

and M = HF ,. We want to work in the category of £, R-algebras lying over A.

Definition 12.4. An E, R-algebra X is an R-module with R-module maps
C,(m), As, (X Ag-Ag X)—> X

where €, is the Boardman-Vogt little 7-cubes operad.

Let’s put E,, in front of A-algebra everywhere and adjust the setting from previous talks
to the £, A-algebra one. Let ¢} 1A ek be the category of E, R-algebras lying over
A. An object is an E, R-algebra X together with a map of E, R-algebras e: X — 4; a
morphism is a map of E,, R-algebras over A. Let 4" (€%) be the category of E,, “non-

unital" A-algebras, the same as the category of E, A-algebras except not asking for unital
maps. Let .#, be the category of A-modules as before.

From Yu’s talk, we have seen that these categories are related by Quillen adjunctions
ANg— K Q

v N My (12.1)
I z
where F is the forgetful functor, K attaches a unit (K(—) = AV —), I takes the (point-set)
fiber of the augmentation — — A, Z turns an A-module into a non-unital E, A-algebra by
giving trivial multiplications and trivial £, structure maps, and Q is the indecomposables
functor, defined by the coequalizer

\/ 6,(m), Ay, N" =N — QN.

m>0

7 /A 7 AJA

69



(Here N = N Ag --- Ag N with m copies of N. One map is the action map for N and
the other map is the trivial map on the factors for 7 > 1 and the map 6, (1), AN = N).

Remark 12.5. The setting is similar to the previous one for R-algebras, but here we need
to encode the E,, structures: the indecomposables functor Q needs to remember higher
structures; KZ(M)=AVM € 6} 1A is the “square-zero extension" for an A-module M, in
addition to the multiplication structure, we also need to put the “square-zero" E, struc-
ture maps
G,(m) Ay, (AVM)" — (A VM)" |, > AVM

where the map is induced by the multiplication on A and the A-module structure on M
on the summands with one or fewer factors of M and the trivial map on the summands
with two or more factors of M. The same happens for .47, and we need to modify the

E, operad to 6, for the non-unital case where €,(0) =@ and 6, (k) = 6, (k) for k > 1.

12.2.2. TAQ. Because of the Quillen adjunctions in (12.1), we can make our definitions
of topological Quillen (co)homology in one of homotopy categories of €7 a4 or My
Here are notations. We denote E,, topological André-Quillen (co)homology as H (Hs,)
instead of using TAQ. Also for X € €} 14 cofibrant, let N € .#}" cofibrant with a weak
equivalence KN — AAz X in CKX/ , (ignoring the technical condition of cofibrancy, N
roughly is RI(A Ak X)). Recall that the Kihler differentials €2,(X) is LQRI(X AL X).
Let Q4(X) = Qp(X) Ay A.

CR/a N My
Hy (X;M) | ho@y, (X,AVE'M) | Ext}(LQN,M) | Ext;(Q(X), M)
H(X;M) Tor (LQN, M) | TorX(Q4(X), M)

One can check that H, is a cohomology theory and H.” is 2 homology theory with

.
relative versions, and we have universal coefficient spectral sequences to relate them.

Remark 12.6. The equivalence of the above definitions follows directly from Quillen
adjunctions, and K, I form a Quillen equivalence, so it does not matter that K goes the

other way in

The definition in .#, presents a good analogue to the algebraic Quillen (co)homology;
the definition in €7 1A is more homotopic and the place where obstructions and invariants

naturally live; the definition in .47 is where all computation happens (see the following

Theorem|[12.7).
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Let’s recall the following theorem from Yu’s talk. I want to highlight this key fact that
makes all computations possible in the application. We will need it for the Postnikov
towers and the computation of the obstruction.

Theorem 12.7 (Basterra-Mandell). Let N € A" be cofibrant, then BN has E,,_, structure
and B"N ~ X" QN where B is the reduced bar construction.

We need to recall one more fact about TAQ from Daniel’s talk - that there are natural
maps from HX(X; M) to H (X;M)and Hy, (X;M)to Hy(X;M). By definition, we have
HR(X;M) =7 (X Ay M) andH;g"(X;M) =7, (QNAgM)where AVN = KN ~ X N\ A;
the natural map is induced by X Ay M = X Ay AN M ~KNAN,M =(AVN)AN, M —
NAyM —ZQNA M ~QN A, M.

12.3. Postnikov towers.

12.3.1. Postnikov towers of R-algebras. In Leo’s talk, we have seen the Postnikov tower of
an R-algebra (due to I. Kriz). We will review it and then discuss the Postnikov tower of
an E, R-algebra with compatible k-invariants.

Let X be a connective cofibrant R-algebra. Then there is a unique (up to weak equivalence
as towers) Postnikov tower in R-algebras lying over A= Hr X

k
X[1]—— YHn,X
/ k
X X[0] — X2Hn, X

k
where 7, X[n]= 7, X for* <nand 7 X[n]=0for x > nand X[n] - X[n—1] >
Y"1 Hr X is a fiber sequence and &, is also unique up to weak equivalence.

From Leo’s talk, we see that this can be used to give a filtration of X that helps the com-
putation of Map, (M U,X) and shows that any map of ring spectra from M U to an even

E,-ring spectrum X lifts to a map of E,-ring spectra map MU — X (this is due to Chad-
wick and Mandell). In particular, the Quillen idempotent MU ,) — MU, is E, and BP
is E,. In this talk, we will set up the Postnikov tower for E, R-algebras and lift the E,
structure on HZ , = BP[0] along the Postnikov tower to an E, structure on BP.
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12.3.2. E, Postnikov towers. We will work in Gy 4

Theorem 12.8 (Basterra-Mandell). Ler X be a connective coﬁbmntE R-algebra with Hr, X =
Asthen X isin 6y, 14 and there exists a Postnikov tower for X in 67, /A with k] € Hfgjl(X [q—
1}, Hr, X) such that

(1) The following diagrams are homotopy pullbacks.

X[n41]l——— A

| |

X[n] —— X" Hr, X VA

(2) Forgetting the E, structure, {X[q]} is a Postnikov tower of R-modules. The natural
map Hfgl(X[q —1}Hr,X) — H" (X [q — 1} Hr, X) takes k] to the R-module
k-invariants k,, (which we will denote as /eg).

(3) The data {X[q],k]} is unique up to weak equivalence, i.e. if there is a weak equivalence
between towers {X[q1} and {X'[q]}, then the weak equivalence sends k}} to k;”.

Remark 12.9. The above theorem allows us to talk about {X[¢], %]} for a given connec-
tive E,-R-algebra X .

This is the main machinery we use to identify obstructions for lifting E, structures from
X[q]to X[q+1] and lifting a ring map to an E,, map. Before going into the application,
we first discuss the proof.

The existence and “uniqueness" proof of {X[g]} is formal and “cellular arguments" work.
However, the compatibility of k-invariants needs some effort. Here is the key fact.

Theorem 12.10 (Basterra-Mandell (“Hurewicz theorem™)). Let M be a connective A-module,
and X —Y a q-connected map in 6, RiA° Then

H(Y,X;M)=0for « < g,

G
H, (Y, X3 M) > H (Y, X3 M),

. 4
where the map is the natural map from H, to H,”".

We will not go into the details of the proof but emphasize the proof needs Theorem
and the observation that B”X — B"Y is (q + 1)-connected.

Sketch idea of the proof of Theorem|12.8] The construction is similar to the R-algebra case.
The remaining part is to deal w1th the /e invariants. By the construction, X — X[g —1]
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is g-connected. By the Hurewicz Theorem, there is a natural isomorphism between

6,
Hq_fl(X[q —1],X;A) and Hq+1

quences, we will have a correspondence between H%H(X[q —1],X;A)and HI(X[g—
1],X;A), which allows us to choose /;;’ € H%:l(X[q—l],X;A). Let & be the image of /;;
under H(ng(X[q— 11, X;A)— H%H(X[q—l];A). Then one can check, by construction,
that &7 hits &, under the natural map.

(X[q —1],X;A). By universal coefficients spectral se-

To be a little more precise, by the Hurewicz Theorem and universal coefficients spectral
sequences, there is a canonical isomorphism

H(Zj'l(X[q — 1],X;A) = HomnoR<7Tqu nqA)

and Ze; € H(qgjl(X[q —1],X;A) corresponds to id € Hom,, g(r,A, 7, A). O
12.3.3. Obstruction theories. We have the following corollaries of Theorem

Corollary 12.11 (Basterra-Mandell). Start with an R-module X with a fixed commutative
roR-algebra structure on 7w, X and a 70, X -module structure on © X. An E, R-algebra over
an Hr,X structure on X[q — 1] extends to a compatible structure on X[q] of an E, R-

algebra over HeoX if and only if k € H**(X[q — 1} Hr X) lifis to k) € H%H(X[q —
1;Hr, X).

This gives a way to inductively extend the E,, structure along the tower. Because X[q] is
the fiber of X[g—1] — Zq+1HTEqX V A, if we can show this map is an E, map, i.e. /eg
lifts to &7, then the fiber has an E,, structure.

Corollary 12.12 (Basterra-Mandell). Let X and Y be E, R-algebras lying over Hm,X.
Then a E, map Y — X[q—1] lifts to a E, map Y — X[q] if and only z:/'ffq*_lleéZ €

Hfé,jl(Y; Hr, X) vanishes.

12.4. BP is E,. Now we are ready to prove that BP is E,. We will take R = §,) and

12.4.1. Outline of the proof. For the existence, we will lift the E, structure on BP[1] =
HZ, tothestructure on BP inductively along the Postnikov tower of BP by lifting /eg to

k;. We construct k;(BP[q —1]) by constructing an E, map f: BP[qg—1] > MU[g—1]
and use the fact MU is E,, hence there is k;(M Ulg—1]), and let /e;(BP[q —1]) be the

composition

f
BP[g—1]=>MU[q—1]-2""Hr MUV Z, —>"""Hr BPVZ,,
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where the last map is induced by the complex orientation of BP. To construct such an
f, we compute Hg, (BPlg—1];HZ,)) in a certain range and check that obstructions to

lifting BP[q—1] — HZ,to f : BP[q—1] — M U[g—1] all vanish. Hence, by Corollary
12.12} we have the desired f and complete the proof. The vanishing of the obstructions

1s based on the main lemma below.

Lemma 12.13 (Main Lemma). Assume there isan E, structureon X = BP[2q] = BP[2q+
1]. Then for degrees < 2q + 1, H% (X5HZ, ) is torsion free and evenly concentrated.

Remark 12.14. We use homology because it is easier to deal with “tensors". From the
universal coefficients spectral sequences, we immediately have that Hg (X;HZ, ) is also

evenly concentrated.

The uniqueness also depends on Lemma|12.13] which shows that there is no obstruction
to lifting BP — HZ, to BP — BP' where BP' is BP with a different E, structure.

Such a lift is necessarily an isomorphism on H%(—;F ») and compatible with Steenrod
operations, so it induces an isomorphism on cohomology and so it is a weak equivalence.

12.4.2. Inductive step. 'To illustrate the inductive proof we just outlined, let’s do the case
of lifting E, structure on BP[1] to BP[2]. This may be trivial since BP[1] = BP[2] at
primes p > 2, but we will do the general approach that works for all BP[g]. We start
with the E, S-algebra BP[1] and an E, S-algebra map f;: BP[1] — M U[1], and try to
push to the g =2 case. We first show that BP[2] is E,. We have the following diagram.

BP[2] MU[2]

gl(BP) g1(MU)

kMU
srit]— s o) Y S He MUV HZ ) — s P HRBPV HZ,,

Let k5 (BP) = hok;(M U)o f,. Then itis an E, map and a lift of £(BP), thus by Corollary
BP[2]is E,. In fact, BP[2] is the fiber of k5(BP).

Next we need to construct an E, map f,: BP[2] — M U[2] to finish this inductive step.
We have an E, map f,0g,(BP): BP[2] — M U[1]. By Corollary|12.12} the obstruction to
lift thisto an £, map f;: BP[2] — M U[2] liesin H%4 (BP[2],Hr,MU), which by Lemma
12.13| vanishes. Note that in general the obstruction lies in Hfgl(BP [q),Hr,MU), so
when g is odd, the coefficient H 7, M U is trivial, and hence the whole group is trivial;

when g is even, the cohomology degree g + 1 is odd, and by Lemma|12.13| the cohomol-
ogy groups are evenly concentrated, so the group vanishes.
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12.4.3. Main Lemma. Now the problem reduces to proving Lemma [12.13} The key
ingredient is Theorem m First, we can reduce to the case with coefficients HF »

where it is evenly concentrated instead of HZ,. This is because if H%(BP[4]; HF »)
is evenly concentrated, then the Bockstein spectral sequence from Hf“(BP[q];H F,)

to H;g"(BP[q];H Z ) collapses for dimension reasons, so H;@(BP[q];H Z,)is evenly
concentrated.

Lemma 12.15 (Main Lemma’). Assume there is an E, structure on BP[2q + 1]. Then in
degrees < 2q +1, H*(B P[2q +1];HF ) is torsion free and evenly concentrated.

We use Theorem to set up the following spectral sequence to compute H (BP[q—
1];HF,) inductively on 7. When 7 = 0 it is the ordinary cohomology, and 2 = 4 is what
we want.

Lemma 12.16. Let X be an E, S-algebra lying over HZ . The quotient map Z,, — F,
gives the E, map HZ ) — HF ,. Then for 0< j < n, there is a spectral sequence
y
st F oH ' (XF,) G .
Eyt =Tor v (F, B )= F @ H U L) (XGF,)
withd,:E], — E

s—r,t+r—1°

We will come back to the construction of the spectral sequence later. Let’s see how to use
this spectral sequence to prove Lemma|12.13{and why this approach stops at E,.

Recall that Hg, (BP,F,) = H*(BP,F ) at an odd prime p (the p = 2 case is similar but
with a slightly different formula, so we will focus on the odd prime case to describe the
method). Here are two easy homological algebra computations:

F [x),,x,]
Tor,”" " (F . F ) = E(y1se+50,)
where E(—) is an exterior algebra and |y;| = 1;

E(xy,,x, _
Tor™ ™" *)(F ,F,) =

;)

where I'(y;) = k§>on[r,€ (9:)1/(r.(9,))? is a divided power algebra and |7, (y;)| = p*.

® I
0<i<n

Denote Hy, (BP,F,) = B, and compute them from 7 = 1 to 7 = 4 inductively as follows:
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E? E* degree
By Fp[gl’gz"“] & =2p'—2
B, | E(6&,,0&,,++) collapse lo&|=2p"—1
By | F,[ry0%x),70%x;,---] | collapse |r.0%x,| =2p'*!
B, | E(ory0%x;,07,0%x;,+++) | collapse lor,0%x, | =2p 1 +1
B, | Divided power algebra | evenly concentrated | even

Most of this is direct computation and collapse follows from the multiplicative structure
and dimension reasons - except that the E2 of B, as Tor of an exterior algebra, should
be a divided power algebra, but here is the place where the Dyer Lashof operations help
to solve extension problems on the E? page and it turns out to be a polynomial algebra
after suitably changing the base. The same trick does not work on B, since the E? page is
more complicated and it is harder to compute Dyer Lashof operation actions there, and
that is the reason why this method stops with an E, structure.

Remark 12.17. The o appearing in the name indicates the suspension and the shift of
degree by 1.

The collapse needs multiplicative structure of the spectral sequence and the Dyer Lashof
operations need to be modified to act on each E” page. Some work is needed and that is
sections 6 and 7 in the paper.

Let me wrap up with a sketch of the Dyer Lashof operation arguments and the construc-
tion of the spectral sequence in Lemma|12.16

By direct computation, the E? page of B, is
® (8 F,[r,0°8]/(r0”E)).

i>1 k>0
Note that §; comes from H*(HF,,F ), and we know the Dyer Lashof operation actions
there. In particular, Q?'&; = &, | +decomposables. Recall that Q?" is a p*” power on the
right degree, so we have

(r 0’8 =Q°
Up to suitable change of basis, x;~&;, so we can absorb the decomposables part and have

(r]-ozxi)f’ = rjale-_H,

i+
rjozfi = rjaz i1 +decomposables.

which gives the extension that changes the divided power algebra into the polynomials.
Finally, we go back to the construction of the spectral sequence in Lemma|12.16] It arises

from the filtration given by the bar construction and in our example, we work over the
field F,, so the flatness over a field allows us to compute the E; page with differentials
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from the bar complex (it happens to be a resolution of F ) inside the Tor and get a simple

E? page as in Lemmal12.16
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PART IV:
GOERSS-HOPKINS OBSTRUCTION THEORY

Interlude: Informal introduction to Goerss-Hopkins obstruction theory — (Dy-
lan Wilson)

This is Dylan’s response to a request to provide more intuition behind Goerss-Hopkins ob-
struction theory, delivered during an informal questions seminar.

Suppose you’re trying to build spaces. You could use a cell structure, which is reflected in
the homology of X. You could use a Postnikov tower, which starts with the homotopy
groups. Alternatively, you could being with the input of H*(X,F,) together with the

action of the Steenrod algebra. Now what do you get?

In the cellular story, the easy objects were D” or A”; in the Postnikov story, they were
K(7,n)’s; in this new story (the Adams story), they’re products [T, K(F ,, m,). We can
try to resolve X by these.

Step 1: Build a map X LS [1K(F,,n;) such that p* is surjective on cohomology.

Step 2: Take the cofiber and repeat.

Step 3: We get a spectral sequence for maps, and an obstruction theory for objects. Sup-
pose I want to build a map ¥ — X, and already have in mind amap ¢ : H*X — H*Y.
The obstructions to lifting live in
D' (H'X, Q' H'Y).
alg/.of

This is some sort of unstable Adams spectral sequence. This is used in the proof of the
Sullivan conjecture (by Miller); a good reference is the book by Lannes. There’s also a bit
about this in Goerss-Jardine (under ‘Obstruction theory’).

Remark. Why does Quillen homology always seem to arise? Say you’re computing maps
§* — Map;_(X,Y;9). Some adjunctions eventually lead to considering collections of

commutative diagrams of algebra maps
X — Yoty
X l
Y

But that’s the definition of a derivation. (I learned this observation from some older
Talbot notes from a talk by Hopkins.)
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In Goerss-Hopkins obstruction theory, the easy objects are 7,(DE,). Let me explain
what I mean by that a bit more.

Slogan: algebra is “easy”; topology is hard. Wouldn’t it be nice if some pieces of topology
were the same as some piece of algebra? In Goerss-Hopkins obstruction theory, the plan
is:

Step 1: Find E__ -algebras which are controlled by algebra that you understand.
Step 2: Resolve everything by these.

Step 3: Profit.

This is sort of the outline of all of algebraic topology.

My algebraic approximation to E.-ring maps is £, E-comodule algebra maps. If I have
amap X — Y of E_, -rings, then I certainly get a map E,.X — E.Y of E_E-comodules.
This is our piece of algebra that we purport to understand. Since our starting information
only sees stuff that E sees, we’ll eventually have to E-complete.

As a warmup, what if we just have spectrum maps instead of £, maps? We have a map
moMapg, (X,Y) — Homy (E.X,EY). The Adams condition produces/requires the
existence of spectra £, such that [DE,,EAY]~Homy p . nod(E.DE,,E.LE®; Y). As
my test objects, take free E_ algebras on DE,. Now you have to go simplicial, because a
map between two of these is not really reflected in E, E-comodule maps.

What do I mean by that? At the very least, I should be able to understand E_, maps
Free; (DE,)— Free; (DE,). The claim is that maps DE, — Free; (DEg) is the same

asHomy (E.DE,,E Free; (DE,)). If we insist on computing E, maps in terms of £ E-
comodule algebra maps, then we would ask that

Homj_(Free; (DE,),Freey_ (DE,B» =Homyg p ,(E(DE,),E, (DEﬁ)).

But that’s not true.

[Aside: the free associative thing is really easy: it’s E,(\/ _ DE."). By projectivity, this
isB(E,DE,)®” by Kiinneth. So, in the associative case, there’s no need to ‘go simplicial’.]

But that’s not the case with the free £, thing. The free commutative objectis \/ EX, As
X/, Part of the problem is that this is not \/ BE, AX"". Instead, you have to resolve the
E_, operad by a simplicial operad, whose pieces have 7y ~ ¥ so that algebra and topol-
ogy coincide for our test objects. But it’s still not quite true that I've got £, E-comodule
algebra maps. Instead, I get “E, (resolution)”-algebra maps. But things are spread out
enough that this is as close as you’re going to get, and this is good enough.
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At the end of the day, we have a way to study E_ -rings via simplicial E_(resolution)-
algebras in simplicial £, E-comodules.

Moral: don’t compute until you have reduced to something that is maximally easy to
compute.

TALK 13: GOERSS-HOPKINS OBSTRUCTION THEORYI  (Dominic Cul-
ver)

First I’'m going to tell you what Goerss-Hopkins obstruction theory is; then I'm going
to develop the machinery needed for the next talk.

Throughout the talk, £ isa homotopy commutative ring spectrum. We will also make the
assumption that £, E is flat over E,. The main question that Goerss-Hopkins obstruction
theory tries to answer is:

Question 13.1. Let A be an algebra in the category of E,E-comodules. When is there an
E_ -ring spectrum R such that £,R = A in the category of E,E-comodule algebras?

Goerss-Hopkins take a moduli approach. Let §(A) be the category with objects E -rings
R with E_R = A as E_E-comodule algebras, and morphisms E__-ring maps which are E, -
isomorphisms. Let TM(A) := B&(A) be the classifying space; they try to compute this.
What they really want to know is whether this space is nonempty.

They study this by relating it to another space. The define the space of potential co-stages
TM, (A) = B(potential co-stages). Paul will define this rigorously later, but the idea is
as follows: potential co-stages are X, € s Alg, such that

A k=0
EX,=
TRES {o k>0,

Here E, X, means taking E-homology levelwise; and 7, E, X, is the kthhomotopy group
of this simplicial abelian group. We will get a spectral sequence

n,E X, = E,, |X.|.
If X, is E, then so is its realization |X,| € Alg, .

s+t

Theorem 13.2 (Goerss-Hopkins). Geometric realization gives a weak equivalence

|—|: TM_(A)S TM(A).

So now we have to show that 7'M (A) is nonempty. Goerss-Hopkins define intermedi-
ary objects TM,(A), the classifying spaces of potential n-stages X,. We will have X, €
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s Algy , and ask that

A 1=0
T EX, =210 1<i<n+l1
P i>n+2.

You should think of these as giving a resolution of A up to a stage. There will be a functor
P,:TM,(A)—TM,(A) where 0<m<n<oo.

Theorem 13.3 (Goerss-Hopkins). There isa waek equivalence T M, (A) = holim, TM,(A).

So we’ve got a tower
TM_(A) (13.1)

C T

o

L TM(A)

They start with a basepoint in TM,(A) and try to lift that up the tower. If you get a
basepoint in TM_ (A) then you win.

They’ll show that there is a space S "+2(4,Q"A) and a homotopy pullback square
TM,(A) —— B Aut(4,Q"A)

| l

TM, | — A2 A, A)

and the fiber of the right-hand column (and hence the left-hand column) is Y "HA,Q"A).
Here 5" %(A, 2" A) is a space whose 71, is Dg;F/ZE (A4,97) (here D is Quillen cohomology,
and I’ll define the rest of the stuff later).

81



Corollary 13.4 (Goerss-Hopkins). There are obstructions to existence living DE’J”TZ IE E(A, Q"A),

; . : n+1 n
and the obstructions to uniqueness lie in DE TIE. A Q7A).

One of the most important examples of this is A = E_E, for example for the Lubin-Tate
theories E,,.

Here’s another perspective to the realization problem that you might come up with (fol-
lowing Behrens, c.f. appendix to the construction of &mf). The naive idea is the following:
suppose you want to realize A. You want to build a simplicial free resolution A < W, and
aspace X, € s Alg; simultaneously such that £, X = W,. Then you could just realize

X,. The issue is that you can’t do that.

I can write W, =W, ® L, W and X, = X, AL, X where L, W etc. are latching objects
and )_(n is a free E__-ring on something, i.e. )_(n =PY, = \/kzoEZk+ As, Yn/\k. I'd also
like W, = E.X, = E,PY,,. Id like to be able to write down a triple T such that this
is W, = TE.Y,. But to write this T, you’d have to compute E,(EY, ALY, kY, but

that would involve computing the DL operations. That would be tantamount to already
knowing that E is E; but the whole point is that we didn’t know that E is E_,. But
Goerss-Hopkins resolve the operad such that you can write something like this down.
This will come up in Paul’s talk.

Let X, be a simplicial spectrum and let 7" be a simplicial operad. The free T-algebra is

T(X) = diag{T,(X,)} 4>o-

Declare that a simplicial 7T-algebra is an algebra over T'. Recall that if X, € s Alg; then

So Goerss and Hopkins have an operad C and want to resolve it with a simplicial operad

T — C such that:
M) |T|=C
(2) 7oT,(q) is T, Aree

(Why? Given X, € s Alg; you want to understand E, T(X), which involves under-
standing 7,,(¢).,. As, XM, butif 7, T, (q) is Z, -free, then thisi isjust 7,(q )/Zq+/\X/\‘1.)

Theorem 13.5. Let C be an E_-operad. Then there exists an augmented simplicial operad
T — C such that:

(1) it is Reedy cofibrant (to deal with the fact that T is not unique);
(2) forall n,q, 7, T,(q) is £, free;
G) IT|=C;

(4) if E.(C(q)) is projective over E,, then E, T will be cofibrant, and E,T — E,C induces
a wea/e equivalence in szmphcml operads over E,-modules.
(This allows control over cofibrant objects in Alg 1)
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Recall wehad T, (q),, As, X Ng~T, (q)]Z g N M. Resolving the simplicial operad made
the T,(¢)/= . easier, but you still have X"7. You want a Kiinneth spectral sequence. I

will introduce a model category that gives this, plus something about resolving spectra
with “projective spectra”.

Suppose E E is flat over E,. They need to impose the Adams condition: that you can
write E = holim E, where E, is a finite cellular spectrum, and:

(1) E,(DE,) is projective over E_ (here D means Spanier-Whitehead dual)

(2) If M is an E-module spectrum, then [DE,,M]— Homy, (E,(DE,), M) is an isomor-
phism.

For example, $°, HF » MO, MU, and any Landweber-exact theory (e.g. the Lubin-Tate
theories) satisty this condition.

Adams needs this to construct a resolution-like thing that gives rise to the universal coef-
ficient spectral sequence.

The point is that Goerss and Hopkins use the DE,, to build topological resolutions where
you have control over the algebras.

Definition 13.6. Let & be the minimal collection of spectra such that:
(1) e 2

) DE, € 2;

(3) 2 is closed under X and X71;

4) & is closed under V;

(5) Forall P € & and E-module spectra M, the Kiinneth map [P, M ] — Hom, (E.P,M,)
is an isomorphism.

You use these to build up cofibrant resolutions and cofibrant replacements. You want
to use the elements of & to detect weak equivalences, and then define a model structure
that actually does that.

Definition 13.7. Suppose f : X, — Y, is a map of simplicial spectra.
1) I = [P,X,]— 7 [P,Y,] is an isomorphism for all P, then say [ is a P-weak equiv-

alence.

@) If £, : [P,X,] — [P,Y,] is a fibration of simplicial abelian groups, then say f is a
P-fibration.

Theorem 13.8. This determines a simplicial model structure on simplicial spectra.

There are two notions of homotopy groups:
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o (“type ") 7, (X3 P)=m [ZP,X,]

o (“typeIl”) nE’t(X.;P) =[X'PAA°/IA%, X, ], where the term in the RHS is defined
as the pushout:

PRA°—— PRASJIN’

|

f———PANSJON

When you geometrically realize, you’re getting an actual homotopy class of maps - you
land in [X°**P,|X,|]. It is clear that the groups 7, , (type I) detect &-equivalences. But
:

it turns out that this is also true for 7 ,.

The spiral exact sequence is an exact sequence of the following form:

= ﬂ§_1,z+1<Xo;P) - nE,t(‘Xo;P) - ﬂS’Z(X.;P) - ﬂE_Z,t_H(X.;P) -
cee > ng’t+1(X.;P) — nE’Z(X;P) — 7T1,z(X.5P) —0.

You can assemble an exact couple to get a spectral sequence
7 (X3 P) = [Z7D|X,]].
>X, = li_r)nrc*(Ea)*X. ~ li_r)n[DEa,X.]. So you recover the

*—t"e

Let E = li_r)nEa. Then =
spectral sequence 7w E X, = E_,|X,|.

If X, — Y, is a Z-equivalence, then there is a map of spectral sequences

7 (X P) == [P, |X,[]

| |

7 (Y P) == [ZP,|Y ][]

Being a weak equivalence in the model structure is the same as inducing an isomorphism
on the E, pages. In simplicial spectra the usual model structure is the Reedy model struc-
ture, which corresponds to weak equivalences inducing an isomorphism on E,-pages. I
don’t care about simplicial spectra; I care about simplicial T-algebras.

Theorem 13.9 (Goerss-Hopkins). This model structure can be lifted to the category s Alg .

Let X € Alg.. Recall T was augmented over C. I can turn X into a constant simpli-
cial spectrum. Paul will need to take a cofibrant replacement Py (X) — X; being cofi-
brant means it’s built out of things in &2. A result of these spectral sequences is that
n EPr(X)=EX.

P;(X) has an “underlying degeneracy diagram” of the form 7'(Z), for Z, a simplicial spec-
trum where Z,, is a wedge of objects in Z. You can go through the definitions and show
that E, P (X) = (E,T)(E,Z). This is the thing you should think of as a free resolution.
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When Goerss and Hopkins wrote down moduli spaces, they only cared about things up
to E, -isomorphisms.

Theorem 13.10. You can Bousfield localize s Alg, such that
o [:X, Y, isa weak equivalence iff © E X, — 7 E.Y, is an isomorphism.
o [:X, Y, isan E_-fibvation if it is a P fibration.

It turns out that this is a good model structure.

TALK 14: GOERSS-HOPKINS OBSTRUCTION THEORY I (Paul VanK-
oughnett)

Unlike most of the other material in this document, which is comprised of scribe notes from
talks, the notes for Talk 14 are written by Paul.

14.1. The spectral sequence for algebra maps. Sources for this are [GHO4], [[GH], and
the appendix to [Beh14]).

Let O be an operad in spectra. Say we have two O-algebras X and Y, we want to say
something about Maps,(X,Y"), and we know something about £,X and E,Y for some
homology theory E which is an 0-algebra. Let’s also make two assumptions about E,
and one about O

e E_E isflat over E, (the Adams condition);

e E is a filtered homotopy colimit of finite cellular spectra E, such that E,DE, is a
projective E _-module, and for any E-module M there’s a universal coefficient iso-
morphism [DE,, M]=Homy, yi,4(E . DE,,M,) (the other Adams condition);

e there exists a monad C on E_E-comodules such that E, of an 0-algebra is naturally
a C-algebra, and such that if X is cofibrant and E X is a projective E,-module, then
E.0(X)= C(EX) (the homology theory is adapted to the operad).

The Adams condition is used to guarantee a good theory of E, E-comodules. The other
Adams condition is used to construct the resolution model structure that Dominic men-
tioned, essentially giving us a supply of ‘projective objects’ in spectra, such that reso-
lutions by these objects also give nice resolutions by E, E-comodules. Notice that the
first Adams condition guarantees that £, DE, has the analogous properties as an E, E-
comodule. Finally, the adaptation of E to @ will be used to construct our resolutions:
we will simultaneously be resolving X as an 0-algebra and E, X as a C-algebra.

Let’s point out that the adaptedness condition, in general the hardest of these to prove, is
satisfied in two convenient cases. First, E,.¢/_ is the associative operad in E,_E-comodules.
More generally, if 0 is an operad over .o/, so that 77,0(q) isafree . -set, then £, 0 is nat-
urally an operad in E,_E-comodules. Second, one can show that the p-complete K-theory
of an E_ -algebra is naturally a f-algebra in comodules, and the free f-algebra monad
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works in this case. This one also generalizes by [[Rez09]] and [[BarF15]]: they showed that
the Morava E -theory of a K(n)-local E_-algebra is naturally an algebra over a monad
T defined in terms of subgroups of formal groups (and which has been computed at low
primes and 7 = 2).

So, let’s be in such a case and consider E, X as a C-algebra in E_E-comodules. This has a
set of generators {x;}, which we can represent by comodule maps x; : § — E AX. Each
of these factors through some § — E, A X, meaning that they’re in the image of some
comodule map E,DE, — E X. Let Zy=\/_DE_; then E, Zj is a projective comodule,

we have an 0-algebra map Py = 0(Z,) — X, and

is surjective. Likewise, we can find generators of the kernel of this map, represent them
via maps E, — P,, and combine these into a map of free 0-algebras P, — P,, where E P,
is a free C-algebra on a projective comodule. Continuing this way (and omitting some
details), we get a simplicial resolution P, — X, such that P, is a simplicial 0-algebra that’s
levelwise free, E, P, is a simplicial C-algebra on a levelwise projective simplicial comodule,
and |P,| ~ X as an O-algebra, |E,P,| = E,X as a C-algebra. This can be interpreted as a
cofibrant resolution in a certain model category of simplicial O-algebras, the resolution
model category.

Now consider the double cosimplicial space
Maps,(P,,E*T' AY).

If we want, we can think of this as a cosimplicial space by taking the diagonal.

Proposition 14.1. We have
TotMaps,(P,, E*t' AY) ~Maps (X, Y}),
where Y = Tot E*T' \Y is the E-completion.

Corollary 14.2. Given a map of O-algebras ¢ : X — Y, there is a Bousfield-Kan spectral
sequence

EzS)t = 7Tz<MaPSﬁ(P.: E.Jrl A Y)> gﬂ) = ﬂ-z—:<T0tMapsﬁ(P0’E.+1 A Y>’ ¢)
Note that the basepoint ¥ on the E, page is the map Pr(X) — X LY S EIAY.

It remains to identify the E, page. Under the Dold-Kan correspondence, this is the coho-
mology of a cochain complex whose terms are homotopy groups of mapping spaces

Maps, (P, ET*' AY).
By the freeness hypothesis on P,-(X), this is equivalent to
Malpsﬁ(ﬁ(Zq),Eq+1 ANY)~ MapsSP(Zq,Eq+1 AY).
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Z, is supposed to satisfy the universal coefficient theorem for E-homology, so the 7, of
this (which is really just a set) is

T Mapssp(Zq,EqH/\Y) =Homy x(E,.Z,,

E(ETAY)) = Homc ;. x(C(E,Z,),E(ETT'AY)).
This is a mapping space of C-algebras in E, E-comodules. Now, E,(E**'AY') contracts to
E.Y,while C(E,Z,)is aresolution of the C-algebra E_X, so that by a similar argument as
before, the associated cosimplicial object has cohomotopy concentrated in 7%, and equal

to

707o(Maps, (P, E*H' AY)) 2 Maps. . x(EX,EY).

In higher degrees, we likewise get
7, (Mapsg,(Z,, E”"' AY), ) = Mapsc . (C(E.Z,),E(E“ AY)™)) g

Now, E,(M5"), just as a comodule algebra, is a square-zero extension of E,.M by Q'E M
(Q* being a shift in comodules). We’ve fixed where our maps are supposed to go in E.M
- they’re all E.# - so we really only care about maps into the degree ¢ part. These are a
sort of derivations of C-algebras:

Derc g f(C(E.Z,), QE(ETT'AY)) g -

Again, C(E,Z,) is a resolution of E X by a cofibrant simplicial C-algebra, and E (E ARV

Y) contracts to E,Y . So the cohomology of this complex calculates left derived functors
of derivations of C-algebras,

L' Dercp (EX,QEY) =D (EX,QEY).

Thus, we have obtained the following theorem.

Theorem 14.3. Given an O-algebra map ¢ : X — Y, here is a second quadrant spectral
sequence
Ey' =, (Mapsy(X,Y7),9)
with
E;® =Mapsc ; (EX,EY),
Ey* =Df )y J(EXQEY) , fors>O0andt >0,

and E; 't =0 otherwise.

Bousfield’s definition of this sort of spectral sequence - computing the homotopy groups
of the totalization of a cosimplicial space from the homotopy groups of the levels - actu-
ally gives us slightly more. Bousfield was also interested in the question of whether the
totalization is nonempty, given that the levels are. Unlike the analogous question for a
simplicial space, this question is nontrivial because a totalization involves a limit. Given
apoint x in the Oth level, C°, of the cosimplicial space C*, we first need to know that it’s
homotopic to something that goes to the same place in C! under the coface maps d° and
d!, which is the same as asking that it lives in 7% We next need to know that, possibly
after moving x again, we can get the coface maps to C? to agree, which turns out to be
asking something about 77?7, C. The general result, as applied in this case, is:
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Theorem 14.4. Let X and Y be O-algebras, and let [ : E X — E.Y be a C-algebra map.
Then there are successively defined obstructions to realizing | as E, of a map of O-algebras
living in
1
DL (EX,QEY), s> 1,
and obstructions to the unigueness, up to homotopy, of this lift, living in

DLy ((EX,QEY), s> 1,

Note that, although the obstruction groups only use the C-algebra structure on E,X
and E.Y, the cosimplicial object they’re coming from is defined in terms of @-algebra
structures on X and Y. Thus, you can’t use this obstruction theory to construct 0-
algebra structures on spectra. There’s also a method that does this, which I’ll discuss
in section 4; for now, let me mention that it gives very similar obstruction groups: the
obstructions to realizing a C-algebra in E_E-comodules live in

Dl f(ALA), 121,

where ¢ is now 2 for existence and 1 for uniqueness.

Here’s a variation. If Y is an E-module, then the cosimplicial resolution E*T'AY already
retracts to Y as a spectrum; we can look at maps in E,-modules instead of E,_E-comodules;
and we don’t need to resolve Y like this to apply the universal coefficient theorem. So we
can get rid of the resolution of Y from the argument entirely, and in particular, we don’t
have to assume that E is an 0-algebra! Thus, in this case, we get

Theorem 14.5. Given an O-algebra map ¢ : X — Y, there is a second quadrant spectral
sequence
Ezs’t = m,_(Maps,(X,Y),®)
with
Ey° =Mapsc,; (EX,Y.),
Ey* =D¢p (EX,QY,)p, fors>0and t >0,

and E; '+ =0 otherwise.

Given O-algebras X andY and a C-algebramap f : E.X — Y., there are successively defined
obstructions to realizing f as E, of a map of O-algebras living in

DEL (EX,QEY), 1> 1,

and obstructions to the uniqueness, up to homotopy, of this lift, living in

DLy f(EX,QEY), t > 1.

14.2. Resolving the operad. In practice, the Dyer-Lashof operations monad C may be
hard to find, it may not even exist, and when it does exist, it may be hard to compute
André-Quillen cohomology over it. A key example is in the construction of an E struc-
ture on Morava E-theory: Goerss and Hopkins wanted to use E-theory as the homology
theory and the X and Y, and couldn’t assume that it had E_, Dyer-Lashof operations,
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much less that they were computable. Their solution was to resolve the operad by a sim-
plicial operad 7, — @, and simultaneously resolve X by a simplicial algebra over this
simplicial operad, that still had the same nice properties with respect to E.

The important technical fact, discussed in more detail by Dominic, is that there exists a
resolution 7, — O in the category sOp(Sp) of simplicial operads in spectra, such that

e T, is Reedy cofibrant as a simplicial operad,
e |T,| — O is a weak equivalence in Op,

e foreachn and g >0, 7,7,(q) is a free = -set,

e E. T, is Reedy cofibrant as a simplicial operad in E, -modules,
e and |E,T,| — E, 0 is a weak equivalence in Op(E, Mod).

Both X and Y are simplicial T-algebras concentrated in simplicial degree zero. Thus, as
a second important technical fact, there exists a resolution P(X), — X such that
e P;(X), is cofibrant in the E, resolution model category structure on s Alg,
e foreach n, Pr(X), =T(Z,), where Z, has a Kiinneth isomorphism
[Z,,M]=Homy, yo4(E.Z,,M.)

for any E-module M,

e and the underlying degeneracy diagram of P,(X), is T of a free degeneracy diagram
in spectra.

We now have the following theorem:

Theorem 14.6. If E is an O-algebra and ¢ : X — Y an O-algebra map, there is a spectral
sequence
Ey' = 7, TotMaps; (Pr(X),, E**' AY) = 7, Maps,(X,Y}),
with
00 _
E)" = MapsExﬁ/E*E(E*X,E*Y),
Eyt = Dy 1y p(EX,QVEY) fors>0and t >0

and Ey' = 0 otherwise. If f : E X — E,Y is an E,O-algebra map, there are successively
defined obstructions to the existence and uniqueness of a lift of f to an O-algebramap X — Y,
living in

Dy, ((EXQEY), 121,
with ¢ 1s 1 for existence and 0 for uniqueness. There are similar simplifications when Y is an
E-module and E isn’t necessarily an O-algebra.

14.3. Examples.

Example 14.7. Any homology is adapted to the ./, operad: in fact, E, ./  is the as-
sociative operad in E, E-comodules. Thus, the groups in the spectral sequence take the
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form

Dy (EX,QEY).

If Y is an E-module and E, is a commutative ring, this reduces to

Djr (EX,QY,)= Hngl(E*X, Q'Y).

In particular, the obstruction groups for realizing £, X as the E-homology of an .&7__-
algebra are

D;;:S?E (EXX,QtX*) = HHEf+€+1(E*X’QtX*)’

where ¢ is 2 for existence and 1 for uniqueness. Taking E = X, we get the same obstruc-
tion groups as in Robinson’s theory. I have no idea if the obstruction classes are the same
or not; it would be a little strange if they were, as these obstruction classes don’t seem to
be saying anything about .¢7, structures.

Example 14.8. AsImentioned, p-complete K-theory is adapted to the E -operad, with
the monad C being the free graded §-algebra functor. Briefly, a f-algebra has a pth power
Adams operation ¢? satisfying the Frobenius congruence ¢?(x) = x? (mod p) and a wit-
ness 0 to the congruence (so that ¢?(x) —x? = p6(x)), such that @ satisfies the relations
required to make ¢/? a ring homomorphism in the universal case. The free f-algebra is
fairly simple - for example, the free G-algebra on a set of generators {x;} is a polynomial
ring generated by {07 x;} - and so one can actually compute obstruction groups in this
case. One prominent example is the assembly of the K(1)- and K(2)-local parts of TMF
- see [Beh14].

Example 14.9. Mod p homology HF , is also adapted to the E,-operad, with the monad
C being the free unstable algebra over the Dyer-Lashof algebra. The obstruction groups
can be computed as Ext of unstable modules over the Dyer-Lashof algebra from a Dyer-
Lashof ‘cotangent complex’.

Example 14.10. If O is the trivial operad, an O-algebra is just a spectrum, and a module
over an O-algebra is just another spectrum. Any homology theory E is adapted to 0. The
groups in the mapping space spectral sequence take the form

Dﬁriv/E*E(E*X, QEY)= Exth(E*X, EY).

Of course, this is just the £-based Adams spectral sequence. Notice that we can interpret
the obstruction classes to realizing a map, in

Ext ' (EX,EY),

as the classes in the —1 column of the Adams spectral sequence receiving differentials
from the given class in bidegree (0,0).

Example 14.11. The Goerss-Hopkins project took some of its inspiration from the pa-
per [BDGO4]] on realizing IT-algebras as homotopy groups of spaces. Here, a IT-algebra
is roughly a Z_ -graded set equipped with the algebraic structure accruing to the homo-
topy groups of a space - a group structure on 7, and abelian group structures on 7.,
composition and Whitehead products, and so on. The corresponding stable concept is a
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7, S-module. The André-Quillen cohomology here is about as hard as you can imagine,
but manageable in simple cases, and [[BauF15]] have been able to describe the obstructions
to realization when there are only two nonzero homotopy groups. A modern update to
[BDGO4] is given by [[Pst17]].

14.4. The moduli space of realizations. If we start with just a C-module E, X, we can
try to lift it to an O-algebra X by climbing a sort of Postnikov tower.

Recall that we had a category of ‘projective spectra’ & which was generated by the finite
complexes DE, coming from E. If X = X, is a simplicial spectrum, it has two kinds of
homotopy groups in the resolution model category:

T (X;P)=m([n]— [P X, ]),
the homotopy groups of a simplicial abelian group defined by mapping P € & in level-
wise, and
m(X;P) = 7, Maps,_p. (P, X)=[PAA"/IA",X],
a group of homotopy classes of maps, in the resolution model category, between simpli-
cial spectra. These fit into a spiral exact sequence:

s niil(X;ZP)a ni(X;P)—> w,(X;P)— niiz(X;ZP)ﬁ---

Either the natural or the levelwise homotopy groups (with coefficients in all generators
P) detect Z-equivalences. If X is a simplicial spectrum, then E,X is a simplicial E, E-
comodule, and

n,E X Zcolimn (E,), X =colimr [ZIDE,, X | =colimr ,(X;X/DE,).
Likewise, we can define
77:5,E*X =colim,, ﬂi(X;DEa).
:

Finally, note that 7ty = 7.

I'll now start describing the moduli space of realizations in terms of approximations to
realizations in the E,-model structure. I'll be in the setting of the previous section, when
E is adapted to a simplicial operad 7,; if this gets too confusing, you can think about the
case of the first section, when E was adapted to an ordinary operad and we considered
simplicial algebras over that.

Definition 14.12. Let A be a (discrete) E, O-algebra. For 0 < n < oo, a simplicial 7,-
algebra X is a potential n-stage for A if:

o 1, E X = Aasan E O-algebra,
o T EX=0for1<k<n+1,
. ni(X;P):Ofor/e>nandallPEP.

There is a moduli space 7 ./ ,(A) of potential n-stages, the nerve of the category of po-
tential z-stages and simplicial E,-equivalences.
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If X is a potential n-stage for A, then the spiral exact sequence breaks up into isomor-
phisms ni_lE*QX x~ niE*X for k < n, giving niE*X =~ (OFA for these k. Likewise,

T, EX = niE*QX =~ (O"*1A. All other natural and levelwise homotopy groups are

zero. There’s a spectral sequence

n,E X =E, |X]|,

and one can show that the only possible differential here is an isomorphism, giving | X | ~
0.

On the other hand, a potential co-stage has E, X ~ A as simplicial 7,-algebras, concen-
trated in simplicial degree zero. So |X| is an O-algebra and the spectral sequence comput-
ing E,|X| from E _X,, collapses to give E | X | = A. That is, X is a realization of A. In fact,

we have:

Proposition 14.13. The moduli space of realizations of A (and E  -equivalences) is equivalent
to

T M (A)~holim,__, T M ,(A).

Now let’s think about the potential O-stages.

Definition 14.14. Write B, for a simplicial 7,-algebra with the properties that
o 1,E B, = Aasan E T,-algebra, and
e for all simplicial 7,-algebras Y, the natural map
[Y,B,] — Homy 4(m,E.Y,A),

from homotopy classes of maps in the resolution model category to maps of E, 0-
algebras, is an isomorphism.

All such objects are E, -equivalent, and we have ng(BA;P) =Homy ;(E,P,A), mo(E,B,) =
A, m,(E,B,) = QA, and all other homotopy groups are zero. In particular, B, is a potential
O-stage for A. Conversely, let X be a potential O-stage for A. Then the isomorphism

o E X 5 Adefinesa map X — B, that is an isomorphism on natural homotopy groups,
and thus an E_-equivalence. Thus, we have

Proposition 14.15.
T M (A)~ B Aut(B,) ~ B Aut(A).

Why do these even exist, though? Let’s go further and prove that Eilenberg-Mac Lane
objects exist in all degrees. First we have to define them.

Definition 14.16. Let M be an A-module. Write B,(M,n) for a simplicial 7,-algebra,
equipped with a map from B,, with the properties that
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e n,E B, — m,E B,(M,n)isan isomorphism for k < 7,
o 7, E B,(M,n)=M as an A-module,

o 7 (By(M,n);P)=0if k> n.
Okay, so why do these exist? It’s easy to get something with the right 7y by using genera-
tors and relations. You then attach cells - free 7,-algebras on projectives in each simplicial
degree between 1 and 7 - to get the right 7, through 7. Finally, you apply the nth Post-
nikov truncation (in the ‘natural’ direction).

One again finds, using the spiral exact sequence, that 7t E, B,(M,n) is generated over
7, E,B, by an M in degree n and a QM in degree n + 2. However, 7, E, B, hasan A in
degree 0 and a QA in degree 2. We’d like something that looks like a square-zero extension
of A in degree 0 and an M in degree 7. This we can do algebraically by forming the
pushout in E, T,-algebras of

EB,(M,n)«—EB,— A,

which kills the QA factors, and taking the (7 + 1)th Postnikov truncation, which kills the
QM. Call this E, T,-algebra K ,(M,n). Again, one shows that

Proposition 14.17. Let X be a simplicial T,-algebra equipped with a map X — B, (which is
equivalent to a map E X — E_B, of E,T,-algebras). Then the map E_B,(M,n)— K,(M,n)
induces -

MaPST./BA (X’BA(M’ 72)) - MapsE* T,/A(E*X’KA(M’ n))$

where the source mapping space is, as usual, taken in the resolution model category.

Note that
7o Mapsy 7 4 (E. X, K, (M,n)) = DET./A(E*X,M),

and since Qy 7 /4 (Ky(M,n)) = K4(M,n—1),

33 MapsE*T./A(E*X’KA<M’ n))= ng/A(E*X’M)'

So, given a potential 7-stage X for A, we get a map
EX — K, Q" A, n+2)
over A by obstruction theory (these are precisely the first two homotopy groups of £, X).
By the proposition, this lifts to
X — B (" An+2)

over B,.

Meanwhile, the (z—1)th Postnikov section of X is a potential (7 —1)-stage: E, P, ;X has
the right natural homotopy groups, and its levelwise homotopy groups are A in degree 0

and 2”A in degree 7 + 1 by the spiral exact sequence. Thus, we get an equivalence
EP, X ~K,(Q""A,n),

=t n—1
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which corresponds to a map
P, X —By(Q"A,n)
E.. This fits into a homotopy pullback square

inducing an isomorphism on 7,

X—— B
r f
P,_ X — B, (Q"An+1)

in simplicial 7,-algebras over B,.

Conversely, given such a square

X ———38,

Z——B,(V'A,n+1).
in which the bottom left corner Z is a potential (7 —1)-stage, then X is a potential n-stage
if and only if the bottom map is an equivalence on 7, E,, or in other words if it induces

an equivalence E,Z — K, (2" A, n + 1). But the two nontrivial homotopy groups of E, Z
give a homotopy pullback square

EZ——A
I
A—C LK, (A n+2).
Thus E,.Z — K,(Q2"A,n+ 1) 1s an equivalence if and only if this diagram is a loop space
diagram, i. e., if and only if & is nullhomotopic. Thus, we get an obstruction to lifting a

potential (7 — 1)-stage to a potential z-stage living in

7o Maps;; 7 4(AK\(Q"A,n+2)) 2 D2 (A,QA).

Let #"+2(A,Q" A) be the space Maps. 7. /4(A, K4(2"A, n+2)), and let 5@”’“2(/1, Q"A) the
homotopy quotient by the action of Aut(A4,2”A). Since ¢ was only determined up to
this action, we get a map
T M, (A)— A" (AQ"A)
and a homotopy pullback square
9//[414) ——— BAut(A,Q"A)

| l

T M, [(A)— F2AA,QA).

This is the desired decomposition of the moduli space. Note that obstructions to unique-
ness of the lift from a potential (7 — 1)-stage Z to a potential n-stage X live in 7, of the

fiber of the vertical maps, which is D! / A(AQ7A).
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Theorem 14.18. If A is an E,O-algebra, there are successively defined obstructions to realiz-
ing Aas E X, for X an O-algebra, living in

Dt“rc TJE. E(A,QtA),

where ¢ is 2 for existence and 1 for unigueness.
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TALK 15: APPLICATIONS OF GOERSS-HOPKINS OBSTRUCTION THE-
ORY  (Haldun Ozgiir Bayindir)

I'll start with Hopkins-Miller and Goerss-Hopkins, and then I'll say a little about the
result of Tyler Lawson and Niko Naumann that BP (2) for p =2is E

The Hopkins-Miller theorem constructs a (contravariant) functor from the category of
formal group laws (of finite height over a perfect field) to A -ring spectra. (Hopkins
and Miller never wrote up their result, so the main reference for this is Rezk’s notes.)
Goerss-Hopkins constructed a functor from formal group laws to E_,-ring spectra.

15.1. Review of formal group laws. Let E be a complex-oriented spectrum. Let L, L,
be line bundles over a space X. Given a line bundle L there is a characteristic class ¢ (L) €
E?X. In ordinary homology, ¢;;7(L; ® L,) = cjy7(L,) + cirz(L,). But in general, cp (L, ®
L)) =F(cg(L,),cx(L,)) where F is a group law over E,. What is this?

Definition 15.1. F(x,y) € R[[x,y]] is a formal group law over R if:
(1) (unit) F(x,0)=x=F(0,x)

(2) (commutative) F(x,y)=F(y,x)

),

Y
(3) (associative) F(F(x,y),z) =F(x,F(y,z))
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Example 15.2. The formal group law of HZ is F(x,y) = x +y. The formal group law
of KU is the multiplicative formal group law F(x,y) = x +y — xy.

A morphism f : F — G of formal group laws is f(x) = R[[x]] such that f(0) =0 and
fE@,)=G(f (x) f ().

Let FG be the category whose objects are pairs (k,T') where & is a perfect field and T
is a finite-height formal group law over k, and a morphism (k;,I}) — (k,,I,) is a map
i :ky — k, together with f : T} — i*L,.

The Hopkins-Miller theorem produces a functor F G°? — A __-ring spectra sending (k,T’)
to Eyr, where Ej, 1 is complex oriented. It comes from the Landweber exact functor
theorem.

It was already known (using the Landweber exact functor theorem) that given a formal
group law satisfying certain properties, you can produce a spectrum; the advance here is
the extra structure, which is gotten using obstruction theory. You also have to show that
morphisms of formal groups go to A, maps.

Corollary 15.3. The Morava stabilizer group acts on Morava E-theory E,, corresponding to
the Honda p-typical formal group law as an A, spectrum.

Using this, you can construct higher real K-theories constructed as homotopy fixed point
spectra E?C, where G is a finite subgroup of the Morava stabilizer group (often taken to
be the maximal finite subgroup). One outcome is the following: the functor, which is not
tully faithful, is sort of fully faithful in the following sense: there is a weak equivalence

FG((ky,1}), (ky,I)) MapAw(Ekz,l"z’Ekl,l])

which can be transferred to E_-ring spectra. Here the LHS has the discrete topology. To
prove this weak equivalence, we need to show that the RHS has contractible connected
components which are in bijective correspondence with the points on the LHS.

15.2. Applying Goerss-Hopkins obstruction theory. Let £ = E} . and F = E, 1.
We’ve seen that obstructions to A, -structures lie in the André-Quillen cohomology
groups

Derj**(E.E,E,,,)
for n > 1. Obstructions to uniqueness lie in Dergﬂ“(EnE ,E,,,) for n > 1. Here Der”

denotes André-Quillen cohomology for associative rings. (You have to resolve your ring
with free associative rings.) Recall

Der’(R,M)= HH**}(R, M)

for s > 0. (Le. these obstruction groups coincide with Robinson’s obstruction groups.)
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The spectral sequence in Goerss-Hopkins obstruction theory specializes to the following
in our case:

ES,t _

{HomEX(E*F, E) s=t=0
2

S Map, (F,E,
Ders, (E.F,E,,,) t—s>—1,t>0 7o Mapy, (£, E,9)

where Maps, (F,E,#) denotes that space of A, maps is based at ¢ : F — E. Obstruc-

tions to lifting a map in Eg’o to a map of E__-ring spectra lie on the line s—t = 1 for s > 2.
Obstructions to homotopy uniqueness of the lift lie on the line s = ¢ for s > 1.

We’re going to show that all the relevant terms are zero, so any morphism you pick in
E2° lifts. We need to show E3* =0 for (s, ¢) # (0,0). Since E5° 2 FG((k,,1),(k,,1,)),
this implies the weak equivalence of spaces

FG((ky,1}),(ky,T;)) MaPAOO (Ekz,rz’Ekl,rl)-

By an argument very similar to the last proof in Talk 6 (using flat base change and SES’s),
we can reduce to showing the following:

Goal 15.4. Derz.o/m

AQ cohomology for associative rings.

(EyF /m, E, /m) = 0 where m is the maximal ideal in E; and Der" is

15.3. A, case. In the previous talks, we’ve used the fact that étaleness implies the ob-
structions vanish, but this fact has been black-boxed. I’'m going to show you how this
works in this case. Let o be the Frobenius endomorphism E,F /m — E,F/ mE] The fact
we’re going to use is that ¢ is an automorphism of E,F /m. (See §21.4 in Rezk’s notes;
this is one place where you use the assumption that the fields £, and k, are perfect.)

Step 1: Show that commutative AQ-homology is trivial in all degrees. Compute com-
mutative AQ-homology by resolving your ring with a cofibrant simplicial resolution
Q, — E,F/m in simplicial commutative E,/m-algebras. Then compute the cotangent

complex

LCOmm — Q E F )
EOF/m/EO/m Qu/rym ®q, Lo /m

(This is just classical AQ-homology.) What does o do to differentials? We have
do(x)=dx? = px?~'dx

and that’s zero because we’re working in characteristic p. So ¢ induces both an isomor-
phism (see above) and the zero map. This shows that the cotangent complex in the com-
mutative case is contractible. Unfortunately, this doesn’t show that our £ obstruction
groups vanish, because there is a difference between AQ cohomology for commutative
algebras and derivations with respect to an E_ operad, which is the kind of derivations
we need to vanish. For the A, case, we will use a spectral sequence that compares this
to associative algebra AQ homology (in step 2); for the E_, case, we’ll have to use two
spectral sequences to get from vanishing of commutative AQ cohomology to vanishing
of the right operad derivations.

®Note that we're skipping over something. We need Frobenius to be a Ey/m-linear map but it’s not, so you
actually use something called the relative Frobenius.
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Step 2: 1 claim there is a spectral sequence

H At+1 Lcomm H Lassoc
i EoF [m EOF/m/EO/m> = i EOF/m/Et/m

(where A means exterior powers) that comes from applying P — Q, /E . ®p EoF /m to

of
a bisimplicial resolution

PZ,O — Pl,n

| |

Q—=Q —— EF/m

where Q, — EyF /m is a resolution of commutative algebras, and P,, — Q, is a reso-
lution of associative algebras. We showed L™ was contractible, and the RHS is AQ
homology for associative rings therefore L**° is also contractible. So

DerSED/m<EOF/m’Et/m) =H DerEO/m(LZS:;;m/EO/m’Et/m) =0.

15.4. E_ case. At this point, we’re done with the A version of our goal. But we also
want to do E_ obstruction theory. This requires showing the vanishing of the module
of derivations associated to an E_, operad. More precisely, suppose & is a simplicial E -
operad in k-modules and § is an étale ring. It is sufficient to show D%(S,M) = 0. I'm
confused what S and M actually are in this case. .. (Relevant sections of the paper are 6.8, 7.4,
7.5, and 7.6,) ~-Eva

Start with a cofibrant resolution A — § in &-algebras. Then 7, A has Dyer-Lashof opera-
tions. To see this, one uses the normalization functor from simplicial £-modules to chain
complexes over k. Our simplicial operad is a simplicial operad in k-modules, but if you
fix an operadic degree, you get a simplicial module. You can see & as an operad in sim-
plicial £-modules. If you do that and apply the normalization functor at each operadic
degree, then N& is an E__-operad in chain complexes. Because of this, we obtain that
NAisan E__-dg algebra (an algebra over this operad in chain complexes). Over a field of
characteristic p, you end up having Dyer-Lashof operations in homology.

Let % -alg be the category of commutative rings with Dyer-Lashof operations. We want
to calculate Derf, (7,4, M), the AQ cohomology in 2-algebras.

Fact 15.5. Free R -algebras are also free commutative algebras. This implies that a free reso-
lution in simplicial R -algebras is a free resolution in commutative rings.

It is not hard to show that AQ-homology for #-algebras and commutative rings are the
same in this case. In general, you have a spectral sequence

E,=Ext}, (D;I%(rc*A),M) =3 Der;w(n*A,M).
We have that D;]% (7,A) =0, and so the RHS = 0. There is another spectral sequence
Der?, (7,A,M)! = D:™(A, M)
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and the LHS being zero implies the RHS being zero. This shows D(S,M)=0.

15.5. Result of Lawson and Naumann about BP (2). Lawson and Naumann has shown
that BP (2) for p =2 is E,. Here are the main steps in the proof:

(1) Start with Ly, BP (2), which they show is the fixed point spectrum of a Lubin-Tate
spectrum. We know that Lubin-Tate spectra are E_, and therefore so is this.

(2) Consider the map Ly BP (2) — Ly;) L2 BP (2). Show that the image of the ho-
motopy groups are invariant under a power operation 8 iff Ly BP (2) is E,.

(3) Show by using rational homotopy theory that Ly BP (2) is E.

(4) BP (2) is the connective cover of Loy x(1ywk@BP (2), which is £ by using chro-
matic pullback squares, and therefore so is BP (2).
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PART V:
COMPARISON OF OBSTRUCTION THEORIES

TALK 16: COMPARISON RESULTS I  (Arpon Raskit)

There are all these cohomology theories floating around; everyone is asking themselves
whether they are all the same. Our goal is to understand how various cohomology theo-
ries are related, and how to organize the mind.

16.1. Abelianization and stabilization. Recall we had:
e classical André-Quillen homology constructed via “derived abelianization™:
LAb :ho(s CAlgg 1) — ho(Ab(—)) ~ ho(s Mod )
Here R and A are ordinary discrete rings.

e Topological André-Quillen homology, constructed in Yu’s talk in terms of stabiliza-
tion. We saw that LQ = LQ®X* : ho(E, Alg)") — ho(Mod,) where Q was the
indecomposables functor (//1%) and Q%% = colim Q" ¥".

Definition 16.1. Let C be a nice setting for homotopy theory (e.g. a simplicial model
category) and suppose C is pointed (i.e. has a zero object). (For example, you might
think of pointed spaces or pointed simplicial sets, but also s CAlg, 4 or £, Algy 4.)

In such a setting there is a notion of suspension X : C — C and loops 2: C — C. E.g.,
a pointed simplicial model category is tensored and cotensored over based spaces, so we
can think of “XX = §' AX” and “QX = F,(§',X)”.

Given these, we can talk about spectra in C: there’s another homotopy theory, which I’ll
denote Sp(C), whose objects are sequences {X,,} in C equipped with maps £X, — X, ;.
You can set up an adjunction £*° : C 2 Sp(C) : 2°°. It all works basically the way it does
in spaces. This generality was considered by Schwede, Basterra-Mandell, Rezk (complete
Segal spaces), Lurie, ....

There’s also a notion of abelian group objects in C, and these assemble into another ho-
motopy theory Ab(C). There’s an adjunction Ab: C = Ab(C) : U. You should think
of these things as two forms of linearizing your objects in C; one form is taking the free
abelian group on something (linearizing over the integers), and the other form is stabi-
lization (linearizing over the sphere spectrum).

Example 16.2. If C = Spaces, then you could stabilize by forming the category of spectra
Sp(C), so 7©,2°X = X (“linearized over S”). You could also “abelianize” by forming
Ab(C), the category of abelian group spaces, which is equivalent to the category of non-
negatively graded chain complexes of abelian groups. Then 7, Ab(X) = H,(X;Z). Think
of this as “linearization over Z”.
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Remark 16.3. Suppose C just has a final object. Then you can form C,, the category

*U—
of pointed objects * — X. Then we have an adjunction (), : C = C,: U. We obtain
adjunctions X3° : C 2 Sp(C,) : 2% and Ab, : C = Ab(C,) : U. (We don’t normally
notate this Ab,...)

Let me talk more about how André-Quillen homology fits into this picture. For exam-
ple, take C = s CAlgg 4 where R is a simplicial commutative ring and A is a simplicial

commutative R-algebra. This has a final object A, and the coproduct is ®. Then the
pointed objects are objects with a map from 4, i.e. C, ~sCAlg, 4, and B, ~ A @y B.

We have an equivalence of categories
Ao—
sMod, = Ab(s CAlg,,,).
I

André-Quillen homology is Ab, : s CAlgg 4, — sMod,. In particular, the cotangent

complex in this setting, which we’ll denote L;]?R, is defined to be Ab, (A).
Now we do the analogous thing for £, algebras. For example, take C = E_, Algg 4,

where R is an E_ ring spectrum and A is an E_, R-algebra. This has final object 4,
coproduct is Ag, and B, ~ AAg B. Pointed objects are £, Alg, . In this setting we have

stabilization; we have an equivalence, due to Basterra and Mandell:
AV—
Mod, ? Sp(Eq, Alg, /A)-

This setup is what gives rise to 7AQ, which is given by stabilization X3 : £, Algg , —
Mod,,. Here the cotangent complex is LZ’/PR =XPA.

These do not agree.

Example 16.4. Let % be a field. We get Lzlg ~ k[x] because k[x] is a free object in

(x)/k —
simplicial commutative algebras. On the other hand, Lzlz[ ~ Hk[x]A\s HZ. So

/HE
they’re not the same.

So1did abelianization in the simplicial commutative setting and stabilization in the topo-
logical setting. What happens when I do stabilization in the simplicial commutative set-
ting?

Here’s the setup: let R be a simplicial commutative ring, A a simplicial commutative R-
algebra, and we want to understand the stabilization functor £$° : s CAlgg ,, — Sp(s CAlgg ).
Unfortunately the target is 7ot Mod, or s Mod ;. The distinction will be discussed in the
next talk tomorrow - Schwede knows what this is.

Idea: compare to the E_ setting. Any simplicial commutative ring can be viewed as an
E -ring space, and any such can be delooped into a connective £, ring spectrum. So we
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connective

have a functor ¢ : s CAlg, — E_ Alg}y)
ity.)

. (This is forgetting the strict commutativ-

Claim 16.5. 0 preserves homotopy limits and colimits.

Proof. Both simplicial commutative rings and E__-ring spaces are spaces equipped with
more structure; homotopy limits are computed on the underlying spaces. Since the un-
derlying spaces aren’t changed by this functor, homotopy limits are preserved. The same
argument applies for filtered colimits.

For finite colimits, it suffices to check that the initial object is preserved (Z gets sent to
HZ so that’s fine), and that pushouts are preserved (pushouts are relative tensor and smash
products, and these are the same thing). O

Consider the following diagram

sCAlgy s —— E., Algy (16.1)
et Tt
Sp(s CAlg /A) Sp(£ee AlgR/A)
% oz,

sCAlg, 4 — % LE_Alg, P

1 1

sMod, ———  Mod,

I claim this diagram commutes. The top rectangle is, on objects,

B 6(B)

| I

colim, "¥"B, +——— colim,, Q”Z”@(B+)

I can think of suspension and loops as specific homotopy limits and colimits, so the previ-
ous claim implies that this commutes. The bottom square in (16.1) obviously commutes.

Conclusion: Let B € s CAlgg 4. Then
Q252 B)~ (A2 T% _H(B))

alg Talg,+ top “~'top,+
[ook wlee] ~ top
I(Qalgzalg,JrA) - L@(A)/H(R)
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So TAQ and the topological cotangent complex can also be computed as stabilization in
the simplicial commutative setting. The moral is that, in general,

Ab#Sp.

Why are these the same in characteristic 0? Sp and Ab are the same in characteristic zero.
This boils down to the fact that H (BX ;Q) =

16.2. Comments by Maria on abelianization vs. stabilization. For abelianization to
agree with stabilization we need some sort of equivalence between the category of abelian
objects in the category C and the stable category $ p(C). For example, in the category of
augmented commutative algebras we may have that AQ(k) # TAQ(Hk); more prec1sely,

the category of spectra in s CAlg,, is equivalent to Mod,, where Dk = Hk AHZ (see
Clalm 1) whereas the category of abelian objects in s CAlgy, is s Mod,, and these don’t
agree in general However, when working rationally they do and so AQ(R) = TAQ(HR)
in this case.

For a fixed commutative algebra & and an associative k algebra B, we can consider the
category of associative algebras over B. Here the homotopy category of abelian group
objects and the homotopy category of connective spectra are both equivalent to the ho-
motopy category of B-bimodules which explains why there isn’t an analogous problem
with HH vs. THH. As another example, look at the category of augmented commuta-
tive S-algebras in your favorite stable category. The category of spectra in this category
is Mod which agrees to the category of abelian objects.

(What causes these to agree in the associative case and in the case of simplicial commu-
tative rings over a QQ-algebra B? For the latter case, see Schwede, “Spectra in model cat-
egories” 3.2.2 and 3.2.3. The gist is that this boils down to a connectivity argument in-
volving a free object, which is simpler in these cases. For the rational commutative case,
rationality of B causes A®#” /3 to split as a summand of A®5”, allowing you to measure
connectivity of Sym(A) in terms of the connectivity of A. In the associative case, the free
associative algebra on A is easy to write down and measure connectivity of.)

“But,” you protest, “TAQ was constructed using an exactly analogous procedure to AQ.
How did one of them end up being abelianization and the other, stabilization?” One
heuristic is that the indecomposables functor Q is doing different things in the case of
discrete algebra vs. ring spectra - in the spectra case, Q is quotienting out not just by the
multiplication, but also by things like Dyer-Lashof operations.

16.3. Comparison with I'-homology.

Theorem 16.6 (Basterra-McCarthy). Let R be an ordinary commutative ring and A an

ordinary commutative R-algebra. Then
HI(A|R;A) ~ (Q;)Z,Z;zz +) LZZ/HR'

In other words, in this ordinary setting, T'-homology agrees with TAQ.
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Proof ingredients. There is a complex CNF(B /A) (for B an augmented simplicial commu-
tative A-algebra) which computes I-homology, in the sense that

HT(A|R; A) ~ CT(A @ A/A).
And for I =ker(B — A) thereisamap®: I — &(B/A) with the property:
(%) if I is n-connected then the map ¢ is (272 + 1)-connected.

This connectivity statement is the key ingredient. I'll just show how it implies that T-
homology is the same as stabilization. We have

L L
I(Q°E®(AQz A)) ~ I(colimQ'E"(A®g A)).
I commutes with the filtered colimits and 2" because these are both computed at the level
L —_ L
of modules, so this is colim 2”1 (X”(A®zA)). There isa map from here to colim Q" CT (X" (AQ

A)) and the point is that this is an equivalence: each suspension increases the connectivity,
so in the colimit this becomes an equivalence by (). One has to show that I-homology

—_— L
preserves coproducts in this setting, so there’s an equivalence to colim Q3" CT(AQz A).
In simplicial modules, Q2”%” doesn’t do anything - it’s just a shift out and back. So this

~ L
isjust CT(A®z A). O

16.4. Goerss-Hopkins. One reason to phrase abelianization and stabilization in such
generality is so that you can do it anywhere you want. For example, in Goerss-Hopkins
obstruction theory you want to form André-Quillen homology for simplicial E_-algebras.

If  is an ordinary commutative ring, the Dold-Kan correspondence says s Mod,, ~ ch-o(Mod, );
there’s also “stable Dold-Kan” Mod,;;, ~ ch(Mod, ). On the point-set level, these equiv-
alences don’t respect the monoidal structure. However, they do respect derived tensor
products.

Mandell proved that I can take E__-algebras in these different settings, and get the same
homotopy theories.

Theorem 16.7 (Mandell). We have
EsAlg, :=E_(sMod,)~E_ (chyoMod,)=:E_ d g, Alg,
and similarly
EAlg,, ~E_ dgAlg,.
Forming the cotangent complex in any of these settings amounts to the same thing.

Remark 16.8 (Basterra-Richter). For Goerss-Hopkins obstruction theory applied to putting
an E__-ring structure on homotopy commutative ring spectrum E (e.g. Lubin-Tate the-
ory) we were faced with (the possibility of) obstructions in AQy (Alk; k) where k = E,
and A = E_E. It turns out that this is equivalent to HI*(A|k; k). Compare this to TAQ

in the usual E__-algebra setting, and use the Basterra-Mandell comparison of TAQ and
HT. (Issue: there are some (flatness) restrictions.)
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TALK 17: COMPARISON RESULTSII  (Aron Heleodoro)

In the first part of the talk, I'll talk about algebraic theories, the general setting used by
Schwede. In the second part, I'll talk about comparing stabilization to abelianization in
this setting. In the third part, I'll relate that back to I-homology.

17.1. Algebraic theories. Following Schwede’s paper “Stable homotopy of algebraic
theories”, we’ll be working in the general setting of algebraic theories and 7-algebras.

Definition 17.1. Let I, be the opposite of the category of all pointed finite sets. Then
a (simplicial) algebraic theory is the data of a limit preserving functor F : I, — T, where
the category T, has the same objects as I, and is enriched over simplicial sets. Note this
implies that F(nt)~ F(11)".

A model of T (ak.a. T-algebra) in 6 (a category with finite products) is a product-
preserving functor X : T — %6. The collection of all T-algebras forms T-alg(6).

Example 17.2. Let F, denote the free group on 7 letters. There is an algebraic theory
called the theory of groups where T is the full subcategory of Grp®? with objects F,, (i.e.
n* € T should be thought of as F,, € Grp, and Hom(n ™", k") = Homg, (£}, F,)).- Then
T-algebras X in a category 6 are the same as group objects in 6: the underlying object
is X (1), and the multiplication is gotten from the structure maps.

Nonexample 17.3. Recall that [special] I-spaces are functors X : I°? — Spaces such
that X (n) ~ X (11)"; Segal showed that, when 7, X (1") is a group, these are models of
infinite loop spaces (equivalently, connective spectra), where you’re supposed to think of
X (17) as the underlying space and X (n") as its n-fold Cartesian product. But note that
these are functors out of I'°?, not I, and hence not T -algebras in any obvious sense.

Exercise 17.4. Show that there is an equivalence between algebraic theories 7', and mon-
ads on Set, preserving filtered colimits. The category of T-algebras is equivalent to the
category of algebras over the corresponding monad.

For any simplicial theory T, there is a forgetful functor from T'-algebras to pointed sim-
plicial sets (i.e. taking a T-algebra X to X(17)), which has a left adjoint (free T-algebra
functor). The claim is that the monad arising from the free-forgetful adjunction between
T-algebras and Sets preserves filtered colimits, because it is just given by Kan extending
the original functor F : T, —» T..

Example 17.5. Consider & : Spaces, — Spaces, sending X — \/ _ E¥, As XM
Schwede calls this the Barratt-Eccles theory of infinite loop spaces. The idea is that (X))
is a model for 2°°3°°(X). The claim is that & can be regarded as the free-forgetful monad
sSet — T-alg — sSet for some simplicial theory 7. (Concretely, Hom,(kT,17) =
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&(k™), and that determines 7.) Algebras X over this theory such that 7, X is a group,
are infinite loop spaces.

Given a I'sspace y : T'°? — Spaces,, we can use left Kan extension Lan; along the Yoneda
embedding i : T°? — Spaces to form ¥ = Lan,(Y") : Spaces, — Spaces,. In addition to
the monoidal structure given by A, now we have another monoidal structure o given by
composition. It is easy to associate a spectrum S(¥) enriched over simplicial sets: declare
the 7? space to be 7(5").

Lemma 17.6. There is an equivalence berween simplicial algebraic theories (F : T — T where
T s simplicially enriched) and monoids in (I-spaces, o).

Remark 17.7. Algebraic theories have a symmetric monoidal structure, and there is an
equivalence

(T, ® T,)-algebras ~ Ty-alg(T,-alg(6)) ~ T,-alg(T,-alg(6)).

17.2. Stability and abelianization. Given an algebraic theory T, there is a category
Sp(T) of spectra in T-algebras, defined as the category of T-algebras valued in spectra.
Equivalently, you can mimic the Boardman category of spectra in the setting of 7-algebras
(a spectrum is a collection of T-algebras X, etc.).

Let the free T-algebra functor F7 be the left adjoint to the forgetful functor U : T-alg —
Spaces, and let T° be the restriction of U o FT to T°?. So T* is a functor I°? — Spaces,
1.e. a I'-space.

It turns out that “stabilization is representable”, in the following sense:

Theorem 17.8 (Schwede). There is an equivalence
T -alg(T-Spaces) ~ T*-mod.

Idea of proof. Consider the assembly map in I'-spaces. Suppose I have a T- -space, Le. a
51mphclal functor X : Spaces, — Spaces,. Then for K, L € Spaces, I get amap X(K)AL—
X(KAL). ¥X,Y €T- -spaces X(nT)AY (mT) - X(nt AY(m™T)) - X(Y(nt Am™)).
This gives me a natural transformation ¢, : X AY — X oY between the two monoidal
structures. A consequence of the exercise is that
(T*,0)-alg(I-Spaces) ~ T-alg(I'-Spaces).
¢ then induces a functor
&% (T?,0)-alg(T-Spaces) — (T°, A)-alg(I-Spaces).

An algebra over the RHS is just a 7°-module. O
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An alternative characterization of 7 is as the endomorphism I'ring of the free 7T-algebra
on one generator. There’s a related and analogous story for abelianization. Let 7% de-
note the endomorphism ring of the free abelian group object on one generator. Then we
have

Ab(T) = T*-mod
where Ab(T') is the category of abelian group objects in T-algebras (equivalently, T-
algebras valued in abelian groups).

Example 17.9. If T is the theory of pointed sets (i.e. T =T and the map is the identity),
then 7% = § and T%* = Z; the natural map 7° — H T’ is the Hurewicz map.

How are these things related? We have the following adjunctions:
L U
I'-Spaces m——— Ab 7—— Set
H (Dab
where H is the Eilenberg-Maclane functor and L is its left adjoint. Schwede checked that

these lift to when you take T-algebras on all these categories:

T-alg(T-Spaces) # T-alg(Ab) é T-alg(Set)
s

The total backwards composite is X — %X where £°(X)(n*) = |[_, X in T-alg.

Theorem 17.10.

(1) L(T*)= T, and if T is a discrete theory (i.e. valued in sets as opposed to in simplicial
sets) then T = 7, T°.

(2) The map T° — HT4" is an isomorphism on 1ty and an epimorphism on 1. (You should
think of this as a Hurewicz theorem.)

B) LE=X)=X,,.
aug

Let k be a commutative ring and 7 = Comm, °.

L
Claim 17.11. There is a (noncanonical) stable equivalence Dk .= T* = Hk N HZ.

Finally, I’ll say how this relates to other theories that we have.

17.3. Stable homotopy of T-algebras and stable homotopy of I'-modules. Recall: let
Ae Comm/a:g; then we defined the Loday functor Z(Alk;k)(nt) = k @ A®”. Given
this we can get a I'-space, and from that a spectrum. Say that 75(Z(A|k; k)) is the stable

homotopy of T-modules. Define 77 (4) := 75 (EA).

Theorem 17.12 (Basterra-Richter). ni(i“’A) =i (L (Alk; k))
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Basterra claims that this is mostly done by Schwede.

There exists a spectral sequence for stable homotopy theories of algebraic theories, where

E2 , = AQ,(Alks (D)) = = (EA)

By one of the earlier talks on I-homology, there also exists a spectral sequence for I'-
homology

E; ,=AQ,(Alk; i (L (k[x] ks k) = 75, (L(AlR; k).
We know 75( L (k[x]|k; k) = Hk,HZ, hence these two spectral sequences are the same.

s
T ptq

Theorem 17.13. We have
HT (Alk; M) = s (L (Alk; M)).
When A is flat over k,
HT (Alk; k)= TAQ (HA|Hk; Hk).

**BONUS TALK**: FACTORIZATION HOMOLOGY  (Inbar Klang)

Let’s start with ordinary homology. Let M be a space and A a topological abelian group.
Define A[M ] to be the space of configurations of points in M labeled by A, such that when
points collide, their labels multiply:

If A is a discrete abelian group, then the Dold-Thom theorem says that H, (M;A) =
 A[M].

Factorization homology arises from the question: “what if A is not abelian?” (I learned
about this point of view on factorization homology from Jeremy Miller.)

What is the problem? If 4, and 4, collide, it’s unclear whether to label the new point
a,a, or a,a,. But if A is associative and M is an oriented 1 -manifold, then this is fine: the
orientation on the manifold tells you which way to multiply.
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More generally, if A is an E, -algebra and M is a “parallelized” (more commonly known as
“framed”) n-manifold (i.e. it has a chosen isomorphism TM = M x R”), this is also fine:

Since A is an E, -algebra, there are an §”7"’s worth of ways to multiply two elements; for
example, if 7 = 2, the space of ways to multiply 4, and 4,

is the space of ways the disks above can move around each other. If M is a parallelized
manifold, then there are “S”~! ways” two points can collide; multiply their labels using
the operation corresponding to the direction of collision. (This is a hand-wavy way to
define this, and it looks like it involves choices; in reality, the rigorous construction, using
a two-sided monadic bar construction, does not involve choices.)

So far A has been a space, but you can also do this for chain complexes or spectra.

Example. Suppose n = 1, M = S!, and A is an associative algebra. The factorization
homology is defined to be A[S'] =: [ 1 A. These are configurations of points on §' labeled
by A such that when points collide, their labels multiply. Labeling points around the
circle by 4y, ..., a,,, we see that this is the cyclic bar construction. This is a simplicial object
whose p-simplices are A®?*! and the face maps (which correspond to collision of points)
are multiplication of adjacent elements 4;4; ., (or a,a5). So factorization homology for

M = S gives (T)HH; that is,

m, J A=(T)HH.(A).
Sl

In general, factorization homology has input a parallelized (i.e. framed) manifold M”
and an E -algebra A (space, spectrum, chain complex, etc.). The output fMA is whatever
kind of thing A was (a space, spectrum, chain complex, etc.). You can take 7, to get a
more algebraic invariant. | oA~ HH(A)if Ais a differential graded algebra, and fm A~
THH(A) if A is a ring spectrum.

Factorization homology is functorial in M and A (see also below on axioms).
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Comparison with other definition. Let Disk'" be a (topological, or infinity) category
whose objects are finite disjoint unions of D”’s and morphisms are embeddings preserv-

ing the framing:
Map( |D",| |D")=Emb"( |D",| |D").
k 14 k {

Ayala and Francis define a Disk™-algebra to be a symmetric monoidal functor A : Disk!r —
Spectra (or spaces, or chain complexes...). They define factorization homology fMA asa
homotopy colimit of the functor A over disks in M.

Thereisa correspondence between E, algebras and Disk ™algebras: a symmetric monoidal
functor A : Diskir — Spectragivesan E, algebra A(D”). We obtain an operation A(D” )\ =
A(| ], D*)— A(D")for each embedding| |, D” < D”, because A is symmetric monoidal

and a functor from Diskfnr .

Factorization homology can also be defined for manifolds which are not framed; in this
case, the E, algebra A needs to have more structure (this is often confusingly called a
framed E -algebra, or an algebra over the framed little disks operad). In terms of functors,
we need A : Disk,, — Spectra, where Disk,, has the same objects as Disk,,, but morphisms
are all embeddings, not just ones preserving the framing.

Homology axioms. Why is this a homology theory?
(1) There is a “dimension axiom” fR” A~A.

(2) This is functorial in M and A (the functoriality in M is not for all maps of spaces,
just open embeddings of manifolds- or ones preserving the framing, for factorization
homology of framed manifolds).

(3) There is an excision axiom: suppose M = M’ Uy, . M” (where diimM, = n—1 and
all the rest are #-dimensional). Then

L
JMAZJ‘ ,A®fMoxRAJ -

(Because of the R, | g Adsan (E;-) algebra; given an embedding | |, R — R, we get
an embedding | |, M, x R < M, x R and therefore a map ([, X]RA)@’/*’ = [ wA)

Example. Consider M = S! covered by the open, overlapping top half and bottom half
of the circle (thought of as two copies of R), with overlap $° x R. This says

L L
J A:J A Af AxA® . A
s R SOXR R A®A°r

(The A°? is because of the orientation on the circle: the two pieces of $° x R have opposite
orientations.) This is Hochschild homology!

fS" A gives higher Hochschild homology, at least if A is E ..
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Relationship to TAQ? Let A — k be an augmented E ,-algebra; think of B" as an n-fold
“delooping” or “suspension” (we used this to stabilize things and get TAQ). It turns out

that B"A is “reduced” factorization homology | (sn *)A. The intuition is as follows: say

everything in §” is labeled by A except for the north pole, which is labeled by k. Then
use the augmentation A — k to multiply things at the north pole. (This is analogous to
reduced homology.)

We know from Talk 10 that TAQ ~ colim 2" B"A is “shifts of B”A”. We can apply B to
A infinitely many times if and only if A is E_ (and can apply it 7 times, B”, if A is E).
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PART VI:
NEGATIVE RESULTS AND FUTURE DIRECTIONS

TALK 18: MU(P) — BP ISNOT AN E_ MAP  (Gabe Angelini-Knoll)

We saw that MU is really important for doing chromatic homotopy theory; it is the
Thom spectrum of BU — BF, an infinite loop map. Consequently, MU is an E ring
spectrum. If you p-localize, you get a splitting
2i
MUy~ ) s
i#pt—1

which is given in terms of specific maps BP - MU, 5 BP. Here 7 is the map giving

2

BP* the universal p-typical formal group law.
Question 18.1. Is BP an E_ ring spectrum?

Question 18.2. Are s and r E_, ring maps?

I’ll answer the second one; the first one will be answered in the next talk.

Theorem 18.3 (Hu-Kriz-May). There are no E,, ring maps BP — MU,

Theorem 18.4 (Johnson-Noel). The map r is not an E . ring map for p < 13.

This relies on computer calculations; they might have done a few more primes but they
won’t get all of them this way.

I’ll focus on the proof of the Johnson-Noel result. There are two main ingredients: formal
group laws and power operations. My definition of formal group law will be slightly
different from the one we’ve seen before, but I’ll show it’s equivalent.

18.1. Formal group laws.

Definition 18.5. A formal group law over & is a connective, bicommutative, associative,
topological Hopf algebra A with a choice of isomorphism A = k[[x]].

To show this is the same as the definition in Ozgiir’s talk, note that the Hopf algebra
structure provides a coproduct map A: A — A®A ; we can produce a formal group
=k[[x]]  =k[[x]]
law in the previous sense by taking the image of x under this map, thought of as a map
k[[x]]— k[[x,y]]-
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Example 18.6. MU*(CP*) = M U*[[x]], and the map M U*(CP**) — MU*(CP* x CP*)
MU[[x]] MU[[xy]]

sends x — x 44,1 V.

o~

The Lazard ring L is the representing object for formal group laws, i.e. Homg;, (L,K)
FGL/K.

Theorem 18.7 (Quillen). The map L — M U* associated to the formal group law x +,,, y
is an isomorphism.

Given a map of ring spectra M U — E, we can produce a formal group law x +; y using
the induced map M U* — E* and the universal property of MU*.

Definition 18.8. E is complex-oriented if E*(CP>) = E*[[x]] and E*(CP*>) — E*(§?)
sends the Thom class x to the unit.

Proposition 18.9. Ring maps MU — E are in bijection with complex orientations on E.

Notation 18.10. [i]p(x)=x 4z x4 - +px

13

If E is complex oriented, then E*(BCP) = E*[[E1)/[p]e€- This will play an important
role in Johnson-Noel’s proof that  : MU — BP is not and E_, map.

Definition 18.11. A formal group law is p-typical if for all primes g # p, Z?q:l {x=0

where { is a primitive p*? root of unity.

18.2. Power operations. Let A be an E ring spectrum. We have free-forgetful adjunc-

tions
PEx

E -A-alg AN E -alg
U U

Let Pi" (—) = AAPE:(—) be the right-to-left composition. Also abbreviate P := P~ Say
that R is an H__-algebra if it is a P-algebra in Ho Sp.

Sp

Let X be a pointed space. For 7 a subgroup of &, define D, (X):= En, A, X"*. Recall
the free E_-algebra on a spectrum R is P(R) = \/._ Dy (R). If R were an E, ring
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spectrum, then there would be a factorizatior/]

RM % R

Do (B)

and, equivalently, a counit map P(R) — R for the adjunction. In particular, using the
Barr-Beck theorem for adjunctions we can show that there are equivalences of categories

~ Ey,
E, -A-alg= P, -alg
E -alg=PFr-alg

E . o
where P,” and P%» are the monads associated to the free-forgetful adjunctions (note that
the forgetful functor is hidden from the notation).

Given this data, we can define the power operation 2 _  : R%(X) — R%(D_ (X)) via the

assignment

;

P (F:XoR) — (D)"Y D (R)SPR)— R))

and the power operation

T

P
P, p: ROX) 5" RYD,X)S R B, AX)
where & is induced by the map B, AX ~En, A X —En, A, X" =D_(X).

There’s a weaker assumption we could have made on R, however: say that R is H_ if
it has maps Dy, (R) — R satistying appropriate commutative diagrams. Equivalently, R

is an algebra over the monad P in the homotopy category. Given an H_ ring we can still
define & and P, as above since they only depended on maps up to homotopy.

Definition 18.12 (HZ -structures). Say that R is HZ if there are compatible maps Dy, (X4R)—
Y4k R forall i € Z.

Remark 18.13.
o HL — H__ for any d (just set =0 in the above definition).
e RisHY iff\/,_, X Ris H,,.

Given an HY, ring spectrum R, we can produce power operations
P xR — R (D (X))
P, p:RY(X)— RY*(Br, AX)

defined in the same way as before.

7Compare this to a strictly commutative ring spectrum R, where the multiplication map R — R factors
through RM /3, .
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Remark 18.14. Note that the notion of an E_ spectrum and an H_, spectrum are not
equivalent; cf. a paper of Justin Noel titled “H_, # E_,”. An E_, spectrum is an H_,
spectrum by considering as an object in the homotopy category (in particular the monad
P is compatible with the functor to the homotopy category). Hence, if a spectrum is not
H_, then it is not £ and, similarly, we can show that a map is not a £ map by showing
that it is not H_.

18.3. The map r : MU — BP is not E_ . By Remark [18.14] it suffices to prove that
r : MU — BP is not H_,. The first step will be to reduce to showing that » : MU — BP
is not HZ.

Proposition 18.15. An H__-complex orientation MU — E is equivalent to an H2, -complex
orientation.

Proof. One direction is easy: H> =—> H__.

Now assume MU — E is H,,. From Lewis-May-Steinberger we have
Dy, (§%)~B%)/®¢
where V is the standard representation of ¥, and so the Thom isomorphism gives
E*(Dy, ($) = E*(BY)®%) = E*(S7*B%)).

As E is complex oriented, in EZik(DZk (§%)) — E**(x2* By, ) the unit in the RHS pulls

back to a class y; ;; this is the Thom class. To prove the proposition we need to show the
diagram

Dy, (Z¥MU) —— Dy, (S*)ADy, (MU) —— ¥ MU AMU —— X** MU

| | l |

Dy, (Y¥E) —— Dy, (§*) A Dy, (E) ———— X¥*EANE ———— Y¥*E

commutes, where (%) is u;;, A Hy -structure map. The left square always commutes by
naturality of the natural transformation Dy, (—A —) — Dy, (—) A Dy, (—), as does the

right square (since MU — E is a ring map by assumption). It remains to prove why the
middle square commutes. It is a smash of two diagrams

SZz) ZZikMU

Z;e 521 ZZi/eE
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Dy (MU)—— MU
Dy (E)——E
The second one commutes by the H_, structure. The first commutes because MU — E

is a complex orientation and consequently Thom classes map to Thom classes. O

Corollary 18.16. If MU — BP is an H,, map, then there exists a power operation Pc pp

compatible with the map, i.e. the following diagram commutes:

P‘ MU .
MUY — . MU(BC,)

o

BP¥ ———— BP*?(BC,)

If the map were E_, it would respect all the power operations. By Proposition [18.15} a
complex orientation is H_ if and only if it is compatible with all H2 power operations.

Strategy 18.17. If there exists x € M U?* such that r (x) = 0 (this is easy to check) but
7*PCP,MU(’C) # 0 (this is hard to find) then the map MU % BP is not H,.

The class 7,P ,,;/(x) that we want to be nonzero is in the bottom right corner of
»

MT* S MU (BC,) = MU IE [plyoE
BP* " ppr(pC,) = B[]/ planE

We have r*PCp’MU(x) =ag+a;x+a,x*+... where a; are power series in &. Let (p), & =
[p1£(&)/E. You can extend the previous diagram to:

My MU(BC,) = MU [[EN/[pluvE I MU IEY (p) 0 €

L, | l

ppr — BP*P*(BC,) = BP**[[E1]/[plppé ——— BP0 I[[E]]/ (p)gp &

where®, : MU+ =D[[E1]/[ plyp & — MU+ =D[[E]]/(p),p is the reduction
map and ¥ =TT/, [iyo€ € MU VIEN/[pLyué.

The claim (below) is that it suffices to check if ¢ ¥ 2" r.Pc v is nonzero on the class
[CP"] € MU* for some n # p" — 1, where [CP"] is a lift of one of Quillen’s choice of
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generators for MU* ® Q. Recall that M U* = Z[[CP!],[CP?],...] for |[[CP?]| = 2i and

BP*=Z ,[v),v,,...], where v, : MU* — BP* sends [CP"] to 0 when » #£p'—1

Theorem 18.18 (Bruner-May-McClure-Steinberger). If such a PCP)B p exists, it must be
"*PCP, M, S Furthermore, the map MU = BP is H_, only if

MC,(&)=¢, X ”*PCP,MU([CPn D=0
in BP[[EN)/(p)pp& forn# p' —1.

Theorem 18.19 (Johnson-Noel). MC, (&) # 0 for some n # p* —1 for p < 13.

In particular, the thing that’s important for the next talk is, at p = 2, we have
MCy(E)=E%v? + v2) + &7 (v] 4 v;) + higher degree terms.

In particular, vy is indecomposable.

Lawson reproves Johnson-Noel’s result by a different means in his appendix and his an-
swer has different power of & in particular

r*PCP)MU(CPZ) = &EX (v 4 v3) 4 E3(v] + v;) + higher degree terms.

This can be accounted for by the fact that ¥ = & modulo (£®) and (p),,,, & at p =2 and
therefore ¥* = £* modulo higher degree terms.

Here’s an explicit formula you can supposedly compute with yourself:
p—1
Y*PCP,MU(x) = l_[[i]BPg +pp X-

1=0
At p =2, thisis:
1

n[ﬂgpg +pp X =x(& +5p X)

- = x(exppp(logyp(&) +logyp x))

which is computable by hand and this computation is done explicitly at the end of the
Johnson-Noel paper.

18.4. About the Hu-Kriz-May paper on BP — MU. We have a map BP — MU. If
this were an E_ ring map, it would have to respect Dyer-Lashof operations. This map
has some nice properties, e.g. there’s an inclusion H,(BP) — H, (M U) sending £ — a;.
There’s a Dyer-Lashof operation Q%(4,) = a5, which is indecomposable. It turns out that
there is no indecomposable in degree 10 in H, (B P) that could possibly hit it.
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TALK 19: BP ISNOT E,, AT p =2  (Andy Senger)

This talk is based on the recent preprint “Secondary power operations and the Brown-
Peterson spectrum at the prime 2” of Tyler Lawson, in which he proves the result stated
in the title of this talk.

We just spent a whole week learning techniques for proving that a ring spectrum has more
structure. I’'m here to rain on the parade. The flavor of the techniques employed in this
talk will be a little bit different from those used in the preceding talks, as the methods
one uses to prove that things aren’t something are rather different from the methods one
uses to prove that things are something.

In the following, all spectra are localized at 2. In particular, our BP will be the 2-local
BP; we could also 2-complete it and the main result would still hold.

I wish to show that BP is not E,, for any n > 12. To do so, I need to find some kind of
invariant that will conflict with BP being E,,. If BP were E,,, then its Postnikov tower
automatically enriches to a tower of E,, ring spectra. In particular, the map to the bottom
layer BP — ©_oBP = HZ,, composed with the map HZ, — HF, induced by the
modulo 2 map Z,) — F, is automatically a map of £, ring spectra whenever BP isan E,,
ring spectrum.

Recall what this map does on mod 2 homology: the mod 2 homology of HF, is just
the dual Steenrod algebra, and the homology of BP sits inside as the infinite polyno-
mial algebra generated by the &;s: H (BP) = F,[E2,E],... 1 CF,[&,6,,...]= H (HF,).
Furthermore, the map above induces this inclusion upon taking homology: since it is
automatically an E, map if BP is E,, this means that for any E,, structure on BP, all of
the induced operations on H, (BP) are determined by the operations on H,(HF,).

But what sort of operations does an E, structure induce on H,(BP)? For simplicity, I'll
restrict to the 7 = oo case. In the rest of this talk, let H denote HF,. Then HBP is
an E__-H-algebra if BP is an E_, algebra, and we obtain power operations on H,(BP) as
follows.

Let A be an E_-H-algebra. Then there exist power operations Q° that act on 7, A. These
operations come as elements Q° € 7, (P (§")). I will show how this acts on an element

f € m,A=[S",A],. By the free-forgetful adjunctions

E_,-H-alg <H% E_ -alg % Sp

we have [Si,A]SP = [PH(Si),A]Ew_H_ﬂZg and [S7H5, P (S)] = [Py(S7*),P4(S")]. So we
can define Q°f € m; A as the composite

(s S P,(s) L A
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These Q’s are natural, satisfy a version of the Adem relations as well as the Cartan for-
mula, and are natural in maps of E_, ring spectra.

(You can also do this for E, -H-algebras in Ho(Sp); E,, algebras know about Q'™ on 7;
for m <n—1, and these satisfy e.g. the Adem relations when m <n—2.)

The Q*s present a potential obstruction to E,, structures on BP: if BP admits an E__
structure, then the subalgebra F,[ 12, 22,...] C F,[&,,&,,. .. ] must be closed under the
action of the Q. However, this is true: it follows readily from the Cartan formula.

At this point, we could just give up. Or we could realize that we have only used a small
portion of the structure available to us: while we cannot rule out the existence of an E
structure on BP merely using primary power operations, there are also secondary power
operations, tertiary power operations, and so on. These come from the coherence we ask
for when we demand that BP be E_, instead of just H__, which is more than enough to
obtain the action of the primary power operations Q'.

Lawson’s basic idea is to find a secondary power operation under which H,(BP) is not
closed in H,(H). Since this power operation is actually defined for E,,-algebras and not
just E_-algebras, this actually shows that BP cannot even be E,,. This is not easy, and
there are two main problems that need to be overcome:

(1) one must find a secondary power operation which stands a chance of being an ob-
struction, and

(2) one must actually compute said secondary power operation.

In this talk, I will focus on the second problem, though it is the first problem which has
the greater relation to obstruction theory.

To address the first problem, Lawson actually computes with the Goerss-Hopkins ob-
struction groups for H,(BP), using the version of the Goerss-Hopkins obstruction the-
ory based on H for the constant simplicial £, operad, and finds nontrivial obstruction
classes. In particular, suitably interpreting one of these led to the computation of the
secondary operation he used to show that BP is not E,,.

19.1. Secondary operations. Let C be a category enriched over Top_, e.g. Top, itself.

Suppose I have some maps X, N X, A X, £ X; such that £, 0 f| and f; o f; are null-

homotopic. Fix particular nullhomotopies H, : f,/;, = = and H, : f;f, = =
H, . H, .
Then we may define a bracket < £ e f1> (this 1s like a Toda bracket or Massey prod-

uct, but we keep track of the extra information of the specific nullhomotopies) to be
the element of 7r; Map(X;,X;), based at the null map, defined by f(H,)™! o (H,f).
(This is loop composition, and H; ' is doing the homotopy backwards.) If we were
working in pointed spaces, then we can think of it more geometrically as an element of
7, Map(Xo, X3) = o Map(XX,, X5); specifically, think of it as a map out of XX, where
you do f;H, on the top part of the cone and H, f; on the bottom half (so cone height is
the parameter in the homotopy).
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Then let (£, /5, f;) denote the set of all (f; < f; « f;), where this varies over all choices

of nullhomotopies.

Notation 19.1. Given a collection of graded symbols {y, } where |y;,| = d,, define P,;({y,}):

PH(\/i §%). Then we also write y; for the element in 74 Py ({;}) corresponding to the
map % — \/. $% - Py (\/, §4).

Let x be an element with |x| = 2. Let C be the category of E__ -H-algebras under P, (x).
This is really just the same thing as E_ -H-algebras with a specified point x € 7,(R).
(There’s a subtlety, however: we need to make this enriched over pointed topological
spaces, i.e. to specify null maps. This may be accomplished by replacing C with a cate-
gory of objects of C that are possibly pointed and possibly augmented, and use either the
point or the augmentation to define the null maps. I won’t go into this.)

We are now in the context to define secondary operations. I will only define the example
of a secondary operation that we will need; the general case should be clear from this.

Lawson finds a sequence of maps

Py(x, 230) - P 1(%, 75597299, V13, Vg Y105 V12) 8 Py (x)

(here subscripts indicate degrees of the symbols y; etc.) such that Q o R is null. This is
really just a relation between power operations. The map Q is determined by several
elements of 7;P(x), picked out by the y;; these are just polynomials in compositions of
the Q° applied to x; for example, ys is sent to Q*x and y,, is sent to Q1% +(Q*x)*. The
map R is determined by a single element of P;(x,ys,...), and this is a single big power
operation that takes in x and the y; as inputs. The fact that Q o R is null says that when
we plug the operations defining Q into the big operation R, we get zero. So in this case
R may be viewed as a relation between the operations defining Q.

I will not write down the entire relation that Lawson finds; it is quite large. This is the
relation that he used the Goerss-Hopkins obstruction theory to find. It is the first possible
secondary obstruction to BP having an E_, structure, and it is unlikely that one would
come across it simply by guess and check.

(If you try to find an obstruction by guess and check, you will find that things like the
Nishida relations will ruin your day.)
An element o € 7,A induces a map a : P;;(x) — A which we can fit into the diagram:
Py (x, 25)
lR
Py (%,95: 97,09, ¥13: V8> V105 V12)
[
S p— 4
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aQ is nullhomotopic if and only if the operations determined by Q are zero on a.

Suppose aQ is null. Then we can define
{2, Q,R) C mr; Map(Pp(x, 23),4) = 7o Map (P (x, 23 ), A) = 73, A.

Viewing this as a function of such ¢, it is the secondary operation defined by Q and R.
(This is not quite true. Usually a secondary operation would be defined by a choice of
nullhomotopy of QoR, and as such would have smaller indeterminacy. This is immaterial
to us, because we will not need to narrow down the indeterminacy further.)

Applying this secondary operation to the element &7 € 7,(H A H) will provide the de-
sired contradiction to the possibility of an E_, structure on BP.

Theorem 19.2 (Lawson). <§12, Q,R> is defined (i.e., Q(EF) = 0); it has no indeterminacy
modulo decomposables, and 1s = & modulo decomposables.

Since & is not in the image of H,(BP) C H, (H) modulo decomposables (indeed, the
image is trivial modulo decomposables), this shows that this inclusion cannot respect this
secondary power operation, and therefore that BP cannot be E.

This actually shows that BP cannot be E,, since the largest operation you need to define
this secondary operations is a Q% acting on an element of degree 10; this appears at E,
and begins to satisfy the relation used to define the secondary operation at E, .

This also shows that no truncated Brown-Peterson spectrum BP (1) can be given an E|,
structure for 7 > 4, since one has H,(BP (n)) = F,[£? 2 & JCH(H).

12 S

For the rest of the talk, I will discuss the proof of this theorem.

19.2. Method of attack.

(1) Use juggling formulae (e.g. the relations used in (19.1) to shift around terms in these
brackets) for these operations, plus £ = p(b;) via p : MU — H to reduce to some
“functional power operation”.

(2) Use a Peterson-Stein relation to reduce further to a primary power operation in
HAyy H.

(3) Use a further reduction to a primary operation in SL,(M U), and you can tie this up
to how the M U-power operations act on 77, M U to save the day.
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19.3. Details. For (1), the diagram is as follows:
Q
Py (x,y;) —— Py(x)
[
“ by
P(x,y,) —— HAMU 2 HAH

where f is defined by x — b, € Hy(MU) and y, — b, € H,(MU). The idea is that, while
Q does not vanish on b, like it does on p(b,) = 7, it at least factors through P(x, y,), via
amap u sending y,, — Q°%y, and killing everything else.

Since &7 = p(b,), we have
(5, QR)=(pby, Q. R) ~ (p, 5, Q. R) = (p.f i, R) = (p,f,uR) ~ (19.1)
and it turns out this is & Q“’(<p,f,6>).

Here I use = to denote equality modulo decomposables; it is implicit here that all of the
steps in the above are defined with zero indeterminacy modulo decomposables. I will

define the operation Q shortly.

Since Q'%(&,) = & modulo decomposables, I just need to show that

<p,f,6> =¢, (mod decomposables). (19.2)

The maps in this bracket are defined in the following diagram:

P(x,21) — Ppy(x,y,) — L HAMU — s HAH

x| x| by &

21y —— Q% +x?Q°%,

Yyt by | 0

19.4. Reduction to H Ay, H. The trick is that I can extend the composition to

Po(x,20) S Pyy(x,9,) L HAMU S HAH S H A,y H

(Think of this as the suspension of MU as an augmented H-algebra.) Then there is a
“Peterson-Stein” relation of the form : < psf ,6> =i, p,f) Q.

To make use of this relation, I need to know three things. First, I need to know what
i does on homotopy, and whether I can detect that < p,q,6> takes the right value after
postcomposing with i. Second, I need to be able to compute (i, p, /). Third, I need to
be able to compute Q on this.
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First I will try to understand what i does. There is a Kiinneth spectral sequence
Tor: "Y' (F,, Fy) => m.(H Ayyy H).

We know that MU, = Z[x,], and so Tor™Y(F,, F,) = A(ox;) with |ox;| = (1,2i) (this
grading is (homological degree, internal degree)f] This spectral sequence is forced to
degenerate, so

. (H Ny H) = Ag,(0x;).

H Ay H = HNy oy (HANH) which gives a different sort of Kiinneth spectral sequence:
Tor™MYNF,, H,(H)) => 7,(H Ny H).

The E,term of this Kiinneth spectral sequence is A[&,]® A[ob, | n # 28 —1], and by
comparison with the other Kiinneth spectral sequence must collapse.

The map i : HAH — H A,y H induces a map of Kiinneth spectral sequences from which
is can be seen that, up to decomposables, 7,(£;) = ox,—1_;. In particular, i, is an injection
on indecomposables, so that to show it suffices to show that 7 (p, f,Q) = ox, €
7t,H Ny H. Therefore it suffices to show that

(i’P’f>6:‘7x7-

To evaluate (i, p, /), we will use the following result of Lawson, which holds for elemen-
tary reasons:

Fact 19.3. Let R — H be an E_, map and let x € H,R map to zero in H H. Then
(i,p,x) C 7, H Ny H contains an element which is detected by the element ox in fil-
tration one of the Kiinneth spectral sequence

Tor™®(F,,H H) = m,(H Ay H).

In particular, we deduce that
(t,p.f)=0x,

up to decomposables.

Now it is just left to show that
Q(ox,)=0x, (mod decomposables).

Up to decomposables, Q(ox,) = Q'%(0x,), so we just have to compute Q'%(vx,). At this
point this is looking similar to what we saw in the last talk, as in that talk it was shown
that, after mapping down to BP, v; appears in the total M U-power operation applied to
X,; since X, — vy and this is an isomorphism on indecomposables in this degree, we see
that, up to decomposables, the total M U power operation on x, picks up x,. We need to
figure out how to turn this into a power operation in H A;; UH. We will show that the
suspension ¢ is compatible in some way with power operations.

8here o means suspension in an algebraic sense (degree-shift)
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To do this, I will define a map of E_ spaces SL{(MU) — QUQZ (H Ay H)) as follows:
there is a diagram of E_ ring spectra:

MU ——H

|

H——HAyy H

upon applying SL,, this gives a homotopy coherent diagram of E__ spaces:

SL(MU) —— SL,(H)

| |

SL,(H) — SL,(H Ay H)

since SL,(H)is contractible, this determines a map of E_ spaces SL,(MU) — QUSL,(HA
H)) which may be composed with loops on the inclusion SL,(H Ay H) — Qg (H Ay
H) to obtain the desired map.

This induces a map g : H AX(EPSL(MU)) — H Ayy H, and further a map g, :
H(SL{(MU))— m,  H Ay H. We have 7t (SL,(MU))= 7, MU for x> 0 and on the
Hurewicz image, this g, is just o. Furthermore, since it comes from a map of E__ spaces,
g, 1s compatible with power operations, so now we just have to compute this power op-
eration in H AX(X°SL,(MU)), modulo the kernel of g,, which is large. Modulo this
kernel, power operations on the Hurewicz image in H (SL,(MU)) may be reduced to
power operations on M U. This is reasonable because both of these sorts of power op-
erations come from the multiplicative E_ structure on QM U, and you just have to
figure out how to translate between 7z, and H, operations. More precisely, we have the
following theorem of Lawson:

Proposition 19.4. Lety € ,,(M U), n > 0. Suppose, in the notation of Gabe’s talk, that
Pc yu(y) =25 ¢;&". Then, letting [y] € H,,(SL,(M U)) denote the Hurewicz image of
yE€m,,MU =, SL(MU), we have

Q*([y) =[] (mod kerg,).

Combining this result with the M U-power operation calculated in Gabe’s talk, we obtain

the desired result:
Q"([x,))=[x,] (mod kerg,)
in H(MU).
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If we wanted to generalize this result to odd primes, we’d need to do two things: find
a potential secondary obstruction, and compute it. The first step would depend on a
analogous Goerss-Hopkins obstruction theory calculation to the one that Tyler made
use of at the prime 2. As at the prime 2, one can reduce the second step to the calculation
of an M U-power operation in t,M U. Lawson believes that the method he used in the
appendix of his preprint to calculate the necessary power operation at 2, which is simpler
than the Johnson-Noel method because it only calculates up to decomposables, can be
generalized to the odd primary case, and one of his students is working on this.

TALK 20: FURTHER DIRECTIONS  (Maria Basterra)

My thesis was trying to fix what we thought was wrong with Kriz’ proof that BP was
an E_,-ring spectrum. The issue was how he defined the E_ cohomology theory - that’s
what led to the definition of TAQ. He had a theory of Postnikov towers; at the same time
this was happening, EKMM was being developed; they would change the definition of A
every other week, but at least there was a smash product. Other people were thinking
about obstruction theory, I'-homology; Robinson, Pirashvili was talking about stabiliza-
tion, etc. Obstruction theory developed with Postnikov towers is completely different
from the obstruction theory developed by Whitehouse and Robinson about the 7-stages.

Here are some things I'd like to know:
e Is BP an E__-ring spectrum at an odd prime? (probably not...)

e What is the relationship between the Postnikov tower obstruction theory and the
“stages” of Robinson? We’ve talked about all these cohomology theories that house
obstructions, and spent some time trying to prove the groups are the same, but they
don’t appear in the same way; so what’s the relationship? Clark Barwick (“Operator
categories”) has some ideas about this.

You can draw a diagram of “arity” (i.e. A}, 4,,...,Ay = E,) vs. “commutativity”
Ge. Eyy... Eo).

Al

A2

A, »

A |E |E |... | Ey

This is a proposal to get an “arity” filtration of the E,-operad similar to the A,-
filtration of £, = A, .

If all the intermediate stages inside are represented by operads (with maps from
each operad down and to the right), maybe you’ll have a way to relate algebras over
these different things. Going down is clear; going right there’s some kind of wreath
product construction that Clark understands. We’re expecting Robinson’s stages to
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lie somewhere in the middle; the 7-stage is definitely one row down from the (n—1)-
stage, but it’s unclear how many columns to the right of the (n—1)-stage it lies. Clark
conjectures that the n-stages lie in the sub-diagonal below the main diagonal.

There’s already a notion of wreath product of operads E,  E; = E,, etc.; there’s
also a formal procedure of truncation.

e What about an equivariant version of all of this? There are lots of people thinking
about this - Basterra, Blumberg, Hill, Lawson, Mandell. The aim is to build a theory
of TAQ of equivariant G-(ring spectra) or equivariant (G-ring) spectra. The first
problem is what this means, exactly. Everything is harder because you have to make
choices: suspension is not so trivial, there are connectivity issues. The idea is to
get a theorem that says you can describe ring spectra by means of operads. So you
have to define operads in this setting; Blumberg and Hill have ideas of how to do
this. There are lots of versions of E__-operads, called N__; it depends on how much
information you want to encode. You can define indecomposables in this setting,
and I think we can prove that taking indecomposables is the same as stabilization.
Here’s another circumstance where we could decide to define TAQ as stabilization.
But for the purposes that we/others are interested in, we want to define it as (derived)
indecomposables.

What would play the role of BP in this setting? (That is, something where you
want to know what structure it has.) Maybe Goerss-Hopkins stuff to do equivariant
tmf.

e Then there’s the co-category world. This is the opposite situation: Lurie has de-
scribed topological Quillen cohomology in an co-category of algebras of an appro-
priate nice co-operad (Dylan: “anything you want”) as stabilization. But people want
to consider the same notion without starting at a stable category. Harpaz, Nuiten,
and Prasma have tangent categories and algebras over operads; so they are developing
this theory, but coming in the opposite way - we defined a theory in terms of inde-
composables and then proved that it’s stabilization, whereas they defined things in
terms of stabilization, and try to show that that’s indecomposables.

e Mike Hill also has an idea about equivariant I'-homology.
e Motivic stuff.

Sarah: We want a good theory of secondary operations of power operations. Right now
it’s pretty ad hoc. This is one of Tyler’s questions in his problem list in his paper.

We want to study Dyer-Lashoff operations acting on the p-primary MU dual Steenrod
algebra 7t (HF , Ayy HF ;). A homotopical framework for secondary operations?

Dylan: There’s a free-forgetful adjunction U : Alg; p = Sp: F. Then End(U) is a set
which is actually an infinite loop space, so you get a spectrum, and it’s really an A _-ring
spectrum. As spectra, there is an equivalence

End(U) ~ holim,, anﬁHFz (HAS™).

(This is “easy” Goodwillie calculus - use co-linearization.) The homotopy groups of this
is (a completed version of) Dyer-Lashof operations. Massey products are secondary op-
erations. P(X) is something like \/ X ij\zkk If 1 just take the £ = 2 piece and call that P?
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holim,, Z‘”P%FZ(H A §™) is (some suspension of) the Tate spectrum H‘*2. All of this is

stolen from lecture notes of Lurie. (I know people arbitrarily attribute things to Lurie
even when he wasn’t the first. While it is true that connections between Tate construc-
tions, Goodwillie calculus, and power operations abound in the literature, going back
to Singer and also Kuhn-McCarty, I have found no other reference that proceeds in the
way I described above.) Anyway: I just really want to advertise this A, ring as an object
of study. [A warning: this approach for defining operations more generally will only
ever see additive operations. Since we’re looking at HF,, all the operations are additive
anyway, and we can’t tell the difference. ]

?2: People want to take a spectrum and do things like adjoin roots of unity etc., and in
general there’s no guarantee this preserves E_ structure structure. If you have an E_
thing and Bousfield localize, then you get an E, thing, but this is not true equivariantly.

Ozgiir: Pirashvili has an obstruction theory to formality of dga’s; the obstruction groups
are the same as our obstruction theories. The obstructions are somewhat identifiable;
define an co-dga using some structure maps, and those maps correspond to cochains. So
for dga’s people actually knew what those obstructions were.

Paul: BP (1) is E_, and BP (2) is E,. This has to stop at some point. What is this point?
In general BP (n) is assembled out of Morava E-theories, which are really nice. There has
to be some story about how there’s a problem in assembling these things.

Dylan: Math is hard.

Maria: Math is beautiful. Life is hard. O
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