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Weiss Calculus &

Derivative of the Identity Functor

§o . History + Motivation

Last time :[ Gray 85]

Cent = hofibcsm
"

rism" ) is a loop space .

Mahowaldds program cp
-

- 2)

① S
' É is} rest É -

. . → QS
'

T T T us EF" = -11µm Ccm ⇒ Tics
'

)
an ricin rices)

[ Serve] Rationally ① is the constant titration

Ellenhowald 82] p --2 , y finite w/ self - map Kitty→ Y .

Vi
'

-11*1 Com ; Y ) Evi
' Ttxsc Aoi 4)
E Nod 2 Moore space . H*cAo)E Aw)

So vi
'

① coincides with the sseq .

obtained by applying
✓i' Ttx c- ; Y ) to the filtration

-5112172 c [
•

IRR
"
c - - .

c FRET
.

[ Thompson to] p > 2 .



[ Mahowald - Thompson 96 ]
"

-

Iterate É
"

→ Va . periodic analogue .

Can → silent ) is null
. Instead :

C
"'
em := hofib ( Ccm → recent ) )

.

→ Filtration of the stable Moore space
an → Ñ Con → D8 Cus) → - - - → Q (Ao) ②
I t T

C
"'m ri catch v8 Catch)

Observation : the first 8- cells of Coton
, n 72

form a cplx Ai ,
ticA.) ± AM as Ain- modules .

They V5
'
Ttx cc

"'

em : M ) I V5
' ThiCA , ; M ) ,

n 72

for some type 2 M
.

.

The filtration Vi
'
@ modulo Will :

⇐ Win
,
Win ) → Word

,
Will / → - -

. → (Quito) .
Win)

coincides with titration of (RR5u GRE ) by stunted

projective spaces .

Hard to generalize to higher chromatic level

without more tools .



I Alone - Mahowald 987

Apply Goodricke calculus to id : Tqk, → Topo

• 7-hm.lt prime p ,
✗ odd sphere ,

• Dn CX) = * ,
n-t pk for some K

.

• te
"

pkcx ) : Ep ) To free over Ack- 1)

⇒ VK.it#LDpiLXD-- 0 , j > K

• Goodwillie tower of id converges in Vin - periodic

homotopy at ✗
.

⇒ ✗ → Ppk CX) is a vj - periodic equiv for 0 Ejsk .

ltk
.

throne 98] Use Weiss calculus to produce

9=110×1 → ✗ ¥ risk

Faun → Fix -9 sit F. csix ) and compute Dnfm ( X )

'

i
wm

man → Fmicx → rm-tm.ie 5×7

• Thy ✗ odd sphere , p
- local

, g- a- K

Fm 41 → Ppk Finch is a Yi
- periodic equiv .

When m=pk -1 , Fm CX ) = Dpk Fm CX ) is the infinite

loop space of a type K spectrum
- c Mitchell spectrum ) .



vrisv I

§ 1. Calculus F :] → Top* → Top*

lyoodWillie Weiss [ 1<=112
.
Weiss ;

1<=0
. Taggart

F : Top-x→Top* ,

"

nice
" F:]. → Topx

e- f. v.→ Buw)

vi→ñFHX)
homotopy functor J=Tq* - enriched cat . of finite din .

inner product subspaces of k• Jocund - Jcuilt

Tcu , V1 = Stiefel mfld of linear isometries

F is n-excisi.ve F is n - polynomial
strongly co Cartesian n - cubes Fun entry :-. hohm Fill ④ V )

.

TV

I F of UE Knt
'

Cartesian n - cubes
- a=o

. Wtpy constant
.
FW)=FcV④k ) = . - = Fck

's

)

¥ h=o .

'

htpy constant . . h= 1
, hohm is indexed by then

n . "" ⇒* * *"" um.
pnshout → pullback KR

'

worth of 1- din subspaces

n - excisive approx . n - polynomial approx .
.

Paf = howlin ⑦ F -1nF = Woodin NMF (Universal property .

m m

a- 1
,
Pit = 55-1--5 . To FLY = hocol.mtom-tcvl-hocol.vn For -10km) : Fcki )

-
- .

'

→ Pit → pit → Pit - -
→ Tit → IF →T.TTT T T

Dit Dit Dit Dit ← nth layer
'

n - homogeneous functors ✓ ↳ recite ④ S
#④V
) noon ,

✗ ↳ Ñ ( OF ④ ✗
④"
then ✓ ↳ rise Etf ④ S

④✓

1ham ,

Dnf
,
DNWF are n - homogeneous respectively .



We will construct the nth derivatives F
"'

of F ,
S.t.

① Structure maps Finch
-7%" Finer ④ a)

two→
_µMV④U)

② F'
"" Ich = hofib ( F'

"LV ) → r"FMcV⑦Qi )

If we take Fcb = Ñs✓X for fixed ✗ c- Top* ,
• F'" ( Cli ) = hofibc ✗ → Is

'

✗ ) = : F. cx)

F
"
(G) = hofib Crist → rls

"
✗ ) = IF, ccix )

⇒ Ood : F , LX ) → IF, CSZX )

• Iot (E) = hrfib CF
"

c E) → IF" ( Cll ) = : Fil)

= hofib c Fi CX ) → sit -1-1 (5×1)

Fol (G) = Lofts C F
"
c 61 → it F'" co-100 ) )

= hofib critics'X) → IF, (54×1)

= rihoftbc Fils
'

X) → IF, coin ) = IF
,
c5X)

⇒ oad : F. CX) → I Fvcsix) .

• Inductively , Fmcxl = Fulci ) ,

oad : Fm CX) → rim
"

Fmc 5×1



• Def The ath jet category Jn hes

- objects = Obj = { fin .

din inner product subspaces of 0 !

- In CU , V) = Th ( Tn CU ,
V1 ) , where Ju CU , V) is a

vector bundle over Jill , V1 with total space

Tn Ut , V1 = { (f. x ) : f- c- Jcu ,
V ) , ✗ c- ①

"

④ fluff

w/ composition True v. W ) ✗ Tn Cu . v1 → Tn Ch , W )

induced by
't ' " I ' f. Yi µ 4-g.

✗+ f-✗ g)

J iv. W) ✗ ] cuiv ) → J ch, WI

• In particular , there is a restricted composition map
Jn Cato V, W) A 10h )

' -7 Jncv , W) ,

where cat is identified with the closure of the subspace of
T.nl 8, ①⑦ V1 consisting of Li : V→ ①④Vix )

.

Let En = cat . of Top* - enriched functors Jm → Top*
The inclusion am↳ ①

"

'

of the first m coordinates induces a

functor i in : Jm → In

- Preoompositim → restriction res "m : Eu → Em
1-

- Right Kan extension in induction indmn : Em → En

⇒ ind "m Fcv) E Em c Jn Wi -1 , F)



• Def .

For 7- c- %
,
it's nth - derivative is 70M : = indo

"

F .

This can be computed inductively : ind ! = ind! , ind: - indo

• Prof . res " indhu
"

Fun → Fun → sin For④ a) is a fiber af
tf FE Eu

.

Ef .

There is a after Sef .

Jnc Gtv, → ✗ (Ghi -5 Jn CV, -7 → Tna LV,
- )

( Linear alg, ,
see Weiss 95 Prop 1. 2)

'

.

Apply the compresentable functor Enc - , F) . get fiber sef
En Cfny CV , -1 . F) → Enifniv,

-7
,
F) → En CJncV④Q ,

- I ✗ SM , F)
" "

res ind
'

Fun FW) arm Écv⑨Q ) ☐ .

Thus we can inductively compute F
'M

⇐ En .

↳ Fun → Fun
- "
→ . . . → F

""
→ F

• Rink I c- Em is determined by
• It 's restriction to a functor Jo → Top*
• A natural transformation of functors To ✗ To → Top*

0 : (eh v5 a Fowl → For④ W )

• Prof .

There is a fiber Sef F'
"" '

→ F → 2nF ,
K F c- Eo

⇒ If 7 is h- poly ,
then F'

"" '
is trivial .

•

•

Example 7- = Bu c- ) .

'

But" LV ) = IS" → BUW) → Bucv④ A)

F CH -
- WE csvx)

,
F'"cci ) → Gun → ÑGÉx)



§ 2. Applying Weiss calculus to Duid)
E Johnson ,

Anne - Mahowald ]

Dncidl = it Map-xcku.TT ✗
" " ) him

• Ku : nth partition oplx modeled by ¥!%n%÷FfnI
,

where Pn is the poset of partitions of Ent. {1,2. - - in }
ordered by refinement , with I = Him] and 8 the

discrete partition .

4-11 !

• Non equivariantly ,
kn = V Sh -1

,

and I ✗ In-1 c In

acts freely on kn .

Thin 2AM] ✗ odd sphere , in > 1

Then Dn = *
,
n -t pk ldjt.pk-2ps

tic Dpki Ep) E Aki ④ Ep Edo ,

-
-

, day ]

A -4<-1 ] To the sub Hopf - algebra of the steamed

algebra generated by 9g
'

,

- -

, Sgt
"

, p=2 B. P
'

,

-
-

, PP
" '

, p > 2 .

-

idea : Use Weiss calculus to further subdivide Dpk .

• Prof .

0 : spectrum with Unni - action
.
Then

F-cut = I
④ "

④ 01ham , is n - polynomial
'

with

F
"
cut = IT ls ④"

④ -0 ) hain- i ) ,

i ← a

whine thin- it a Ucm fixes the first i coordinates .



pfskitch :
• FEIICU ) =Ñ ls

④"
④ -0 1h am- i ,

c- Ei
,

i. e. ⇒
'

structure maps
or : Siu ✗ Fei ]W) = Sill ✗Ñ CSN④ -0 ) hain- u )

↳ rise c Siu ④ SW ④ G) huon - i) ↳ so [ S
" "
④ S

" ✓
④ 0-7 hwan-il

→ sic smut
"
④ 8) huca-it = Fit LU ④ V)

.

• Straightforward to check that F titi] ± Fei]
"? ☐

.

Now take 0 = Ind -99" ' Map* ckn ,
-5 ✗

^" ) where In ñ

considered as a subgp of Um -n via the reduced standard Rep .

Faux) : = F'Mc Gil , Tich = NEV✗

• Coir Fm Dn CX) =

ri ( Map* ckn ,
-5✗

" " ) ④ Um-11/Uch- m -11-1 ) , man
him{ * , man

.

• Claim :
Fm Duck) = Du Finch

.

< Dn F. 4) → Duck ) → DnÑ5X ) ⇒ Dnf , ux ) = F. Duck)I F
, Dncx ) → Dnux) → ÑDnc5x ) e Dn Cris4)

Dn Fix) → Dn Fix ) → Dn N Fils'X )
{ Fa Dn 4) → I. Dick ) → F. wsiypncsy , )⇒Dn Fix = F- Duck)

Induct . ☐
.

'



-

• Cot
.

Dm him : Dm Fun G) E) Dmsrm Tunics'm)

⇒ mapping telescopes generalizing Mahowald- Thompson

g ✗ -4 si s ' ✗ -4 res" ✗ → -
- →ÑDi Foix)

?⃝ up -7 Ficsxl -9 IF, is"H→ -
- →ÑDrhcX)

i.

Fun , LXI -4 rm Fmyc 5×1 → - - - → soDm Fm-14)

( b/c connectivity of Dnrikmfm- , is "x- ) increases with K When u > m )

• Thy
,

c Arouel
.
Let n=pk , ✗dodd sphere .

Then

1-1*1 Dnfmcx , )=H*c Map* ckn.MX
" "

) ^ Ucntyucn- m- 1) +)
him

E Ack- i ] ④ E- ④ P as frée AIK -1 ] - modules .

P is tank one over Ttp I dj-cpk.pi.mcpio.pk ,] , E is rank one over

A- f E- I pk- me i e pkt and i =/ pk- pi for some j }
.

Ida : E Anne - Dwyer]
-2k Acts trivially
u t

TK : I
'

/ cat of proper subspace offtp.YVA-fkc-tp/--GLkuTtp)KLHpz)kMap*ckn.FXM)h-nMap* t.TK ,
TX

"" ) hatkcttp )

= Map* LTK.CI#Yhl74p74t)hGlk4-tp7⑧ ✗ I"µpµk is the
Thom space over

⑧ =Nhhp-xlTkiTtLBHpZF1dt1hGckuEpyB@pzFassor.todo WT.thahom.es?te*fBf4pplk)dt )
r : regular rep . of pkt EMitched- Priddy] ⇒ free over ACK-1 ] .



The generators Cpk - pi of P are Chern classes of the reduced

regular rep . of pet , orDiÉls evaluated

at the poly . generators of tee Bizpzyk ; Ttp ) .

- generators of

Ttp Ey , ,
- -

, ya]
Ghittpl .

So Ii c- E are the Chun classes in tF(Blue n -n/Um-m -m))
that are not Dickson classes , and dig c- P are Dickson classes

in tt" (Buen- m - t ) ) .

Cor_ .

When m= n - I =p
" -1,1-1*1 Dnfmlxi ) ± ACK - I ] ④ E

.

This is essentially Mitchell 's construction of finite oplx

with Ack- D - free cohombfy .



§ 3 . Vi - periodic homotopy
✗ : odd sphere , p --2 for simplicity . n=pk K > 0 .

Then IAM]
.

✗ → Pncx ) is a ri - periodic equiv .

.
It is K .

tf . 1)
.

til Dncxi ) ñ free over AEK -D⇒ Dzkte is Vk - trivial if I> o .

E Anderson - Davis ] If Al is an d- - module and PF; is the PE Ey

of lowest degree sit .

-

set and HCM , Pf ) -1-0 .

dual to 5¥ c- d- *

Then Ext CM ,
Flu ) = 0 for di > jtc ,

where D= deg CPE;)

and ¥ = t - 2
.

Sine PI c- A -4<-1 ] if s+t ⇐ k
, f

50=1%1
to = 1-¥1 + I

⇒ 117%1 = 2%(2%-1) = 2kt ' - 25° > zk -1
.

⑧ Hence the Adam 's ssef of Dzkte has a vanishing hue of slope
m - 2k¥ =µ¥j and intercept < ktl .

Sine VK acts on Hss

as multiplication by an element of dope ¥ .
✓

kq.gg/t.wpemDzk+eis Vic - trivial for l > 0 .

- ¥•¥ !
ltpshot : in the- periodic homotopy ,

the

Goodwillie tower has only 1<+1 nontrivial layers Dpo , -
-

. Dpk .

2) .

Need to show that the Goodwillie tower for VK- periodic

homotopy of ✗ converges .



Fix finite space
V with VK - self map and write Ttx = c- i V1

.

WII : hi
'
Ttx CX ) = ki

'

Thi cholim Pj ) ⇐ VÉ (41-11*43-7)
Set Qj = fib c Ppkti → Ppk ) ,

then suffices to I

show that VI
'

Tu Cholan Qj ) = VE
'

lyin T↳cQj ) = 0
.

Qj ← Dpkti
fit

Take any
✗ = C- - ix. 4) c- lyin Ttxcclj ) w/ HI =D ,

Qjt ← Dpk-5-1
fit d

i
90 Xj c- Tide Qjl . Can assume that trio by applying v. ,

Q ,
= Dpk -11

k , times . Set dz = I VÉ 'Hali dt knot" -1 ) .

Now induct on j . If 8--1-0, then tj can be identified with
an element in TldjcDpktj ) thought of as an Eas - term of
the ASS

.

with bidegree co ,dj ) .

Let kj be the smallest integer
kj

St. Vk Hj 1=0 .

Then ⑧ implies that

dj+1 =/ Viii ( g- it = dj + Kj Czk
"
- 1) a 2141 cktj + 1) +I dj .

Herne the sequence 9dg } has growth rate ← 3-2 ,

whereas the connectivity of Dpkti has growth rate 2 . ☐
.

Cot
.

Fm CX) → Ppk Fmcx) I an ri - equiv . for i sk .

Let K be the smallest St . m =p
"
-1

, then

Fm LX ) → Ppk Finch E- Dpk Fm LX ) is a Vic-equiv .


